The Economics of Human Cloning by Saint-Paul, Gilles
Wkh Hfrqrplfv ri Kxpdq Forqlqj4
Jloohv Vdlqw0Sdxo
JUHPDT0LGHL/ Xqlyhuvlwì ghv Vflhqfhv Vrfldohv gh Wrxorxvh/
dqg
Xqlyhuvlwdw Srpshx Ideud/ FHSU dqg L]D
Qryhpehu :/ 5333
4L wkdqn vhplqdu sduwlflsdqwv dw LLHV/ Vwrfnkrop/ GHOWD/ Sdulv/ XFO/ Orq0
grq/ dqg hvshfldoo| Mìu÷ph Dggd/ Rud}lr Dwwdqdvlr/ Slhuuh Fdkxf/ Gdqlho Frkhq/
Nmhwlo Vwruhvohwwhq/ dqg Mrkq Kdvvohu iru khosixo frpphqwv dqg vxjjhvwlrqv1
Wr eh/ ru qrw wr eh/ wkdw lv wkh txhvwlrq1
Kdpohw/ LLL/ 41
4 Lqwurgxfwlrq
Dffruglqj wr pdq| h{shuwv/ kxpdq forqlqj lv durxqg wkh fruqhu14 Lqghhg/
wkhuh duh uhsruwv wkdw lw kdv douhdg| wdnhq sodfh15 Ryhufrplqj wkh whfkqlfdo
revwdfohv lv d pdwwhu ri d ihz |hduv/ dqg hwklfdo frqvlghudwlrqv/ zklfk zhuh
xqdeoh wr kdow wkh vsuhdglqj ri lq ylwur ihfxqgdwlrq/ hjj wudglqj/ ru iur}hq hp0
eu|rv/ duh djdlq xqolnho| wr suhydlo1 Dv srlqwhg rxw e| wkh Qdwlrqdo Elrhwklfv
Dgylvru| Frpplvvlrq +QEDF, +4<<:,/ Wkh klvwru| ri lqihuwlolw| wuhdwphqw
ghprqvwudwhv wkdw zkhuh wkhuh lv d vl}deoh dqg zhoo qdqfhg ghpdqg iru d
qryho vhuylfh/ wkhuh zloo eh surihvvlrqdov zloolqj wr surylgh lw1 Edqqlqj e|
qdwlrqdo jryhuqphqwv zloo qrw eh yhu| hhfwlyh hlwkhu/ dv wkhuh zloo dozd|v eh
vwdwhv zloolqj wr olehudol}h vxfk sudfwlfhv/ li dq|wklqj ehfdxvh lw zloo vhuyh dv
d vrxufh ri iruhljq h{fkdqjh dqg wd{ uhyhqxhv16 Wkhuhiruh/ zh h{shfw wkdw lq
wkh qhdu ixwxuh forqlqj zloo eh fxvwrpdulo| xvhg iru wkhudshxwlf sxusrvhv/ dv
zhoo dv dgghg wr wkh vhw ri whfkqltxhv douhdg| dydlodeoh wr shrsoh zkr kdyh
gl!fxow| kdylqj fkloguhq1 Wkhvh duh wkh wzr dssolfdwlrqv wkdw duh prvw frp0
prqo| hqylvlrqhg dqg wkdw qrxulvk wkh fxuuhqw ghedwh1 Vhyhudo odz|huv dujxh
wkdw lw vkrxog eh doorzhg/ dv dq dssolfdwlrq ri wkh sulqflsoh ri uhsurgxfwlyh
iuhhgrp17
4Vhh Juhhq +4<<<, iru d ghvfulswlrq ri wkh whfkqltxh dqg dq dvvhvvphqw ri wkh sdfh ri
ixwxuh uhvhdufk/ dv zhoo dv d glvfxvvlrq ri vrph hwklfdo sureohpv1 D pruh ghwdlohg dqdo|vlv
fdq eh irxqg wkh wkh Qdwlrqdo Elrhwklfv Dgylvru| Frpplvvlrq*v uhsruw +4<<:,1
5Vrxwk Nruhdq Vflhqwlvwv Vd| Wkh| Forqhg d Kxpdq Fhoo/ Wkh Qhz \run Wlphv/
Ghfhpehu 4:/ 4<<;
6Dv dq h{dpsoh/ Ydoldqw Yhqwxuh Owg/ edvhg lq wkh Edkdpdv/ fodlpv wr rhu shrsoh wkh
rssruwxqlw| wr forqh wkhpvhoyhv iru wkh vxp ri 533/333 ’1 Lqwhuhvwhg uhdghuv fdq frqvxow
wkhlu krph sdjh dw kwws=22zzz1forqdlg1frp1 Wkh dxwkru ri wklv sdshu fdqqrw eh khog
uhvsrqvleoh iru dq| hyhqwv wkdw zrxog rffxu vkrxog d uhdghu ghflgh wr sxufkdvh dq| vhuylfh
iurp wkdw frusrudwlrq1
7Vhh Urehuwvrq +4<<;,1 Dv iru Ruhqwolfkhu +4<<<,/ forqlqj dfwxdoo| hqkdqfhv wkh vwd0
elolw| ri idplolhv/ dv frpsduhg wr h{lvwlqj phdqv ri dvvlvwhg uhsurgxfwlrq zklfk lqwurgxfh
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Lq wklv sdshu/ krzhyhu/ zh frqvlghu wkh pruh vshfxodwlyh frqvhtxhqfhv ri
forqlqj iru hfrqrplf uhdvrqv1 Pdq| shrsoh zrxog dujxh wkdw wklv k|srwkhvlv
ehorqjv wr vflhqfh0fwlrq dqg wkdw kxpdq vhovkqhvv frxog qrw jr dv idu1 Exw
zh zdqw wr srlqw rxw wkdw wkhuh zloo eh vwurqj hfrqrplf lqfhqwlyhv wr forqh
shrsoh ri h{fhswlrqdo ydoxh lq wkh oderu pdunhw1 Fohduo|/ lw lv ri juhdw hfr0
qrplf ydoxh wr forqh d wrs hqwuhsuhqhxu +vxfk dv Eloo Jdwhv,/ d wrs vxujhrq/
ru d wrs vflhqwlvw vxfk dv Hlqvwhlq18 9
Wkh h{whqw wr zklfk wkh pdunhw zloo lqwhuqdol}h wklv hfrqrplf ydoxh gh0
shqgv rq krz pxfk ri wkh uhwxuq wr wkh forqh*v jhqhv fdq eh dssursuldwhg
e| wkh djhqwv zkr lqyhvwhg lq fuhdwlqj wkh forqhprvwo|/ wkh forqh*v ruljlqdo
prgho1: Zh dujxh +lq vhfwlrq 5, wkdw wkh iudfwlrq wkdw fdq eh dssursuldwhg lv
olnho| wr eh vpdoo/ exw srvlwlyh1 Li wkh forqh*v h{shfwhg lqfrph lv yhu| odujh/
wklv pd| eh hqrxjk iru forqlqj wr eh d surwdeoh rshudwlrq1 D pdunhw iru
forqhv zloo wkhq vwduw rshudwlqj/ dqg zh vkrz +vhfwlrq 6, wkdw rqo| wkh prvw
wdohqwhg shrsoh zloo eh forqhg/ zkloh zrphq +l1h1/ hyhu|erg| lq rxu d0vh{xdo
prgho, dw wkh erwwrp ri wkh delolw| glvwulexwlrq zloo vshfldol}h dv sk|vlfdo
prwkhuv ri wkh forqhv/ wkxv jhwwlqj d kljkhu lqfrph wkdq li zrunlqj lq wkh
surgxfwlrq vhfwru1; Ehfdxvh ri wklv hhfw dqg ehfdxvh lw udlvhv wkh sursruwlrq
jhqhv dolhq wr wkh idplo| lqwr lwv rvsulqjv1
8Dq lqwhuhvwlqj dvshfw lv wkdw wkhuh zloo eh juhdwhu lqfhqwlyhv wr forqh zrunhuv zkrvh
vnloov duh qrw uhsolfdeoh e| rwkhu phdqv1 Iru h{dpsoh/ wkh errnv zulwwhq e| d wrs hfrqrplvw
duh uhsolfdeoh dw orz frvw/ dqg wklv zloo uhgxfh wkh ydoxh ri forqlqj wkh hfrqrplvw> wkh vnloov
ri d vxujhrq duh pxfk kdughu wr uhsolfdwh1 Lq rwkhu zrugv/ wkhuh lv vrph vxevwlwxwdelolw|
ehwzhhq elrwhfkqrorj| dqg lqirupdwlrq whfkqrorj|1 Lq idfw/ forqlqj lv mxvw dqrwkhu qhz
lqirupdwlrq whfkqrorj| dssolhg wr olih1 Wkh GQD lv d vhtxhqfh ri elwv dqg forqlqj lv qr
glhuhqw iurp frs|lqj d frpsxwhu surjudpph1
9Lw lv w|slfdoo| hqylvlrqhg wkdw li forqlqj lv hyhu shuplwwhg iru uhsurgxfwlyh uhdvrqv/
lw zloo eh olplwhg wr lqihuwloh frxsohv +Vhh Urehuwvrq +4<<<,,1 Krzhyhu/ L gr qrw vhh krz
wklv lv frpsdwleoh zlwk htxdo uljkwv> ixuwkhupruh hqiruflqj vxfk d glvwlqfwlrq pljkw qrw
eh reylrxv1
:Lw vkrxog eh srlqwhg rxw wkdw wkh h{lvwhqfh ri wkh forqh qhhg qrw lpsrvh dq| h{whuqdolw|
rq wkh prgho1 W|slfdoo|/ dq lqwhuphgldu| zrxog rhu wkh prgho wr ex| vrph ri klv ru khu
GQD/ shukdsv zlwk dq h{foxvlylw| fodxvh1 Wkh prgho grhv qrw kdyh wr hyhu vhh klv forqh1
;Wkh lghd wkdw shrsoh zrxog qrw dffhsw wr vhuyh dv vxuurjdwh prwkhuv zdv douhdg|
glvplvvhg lq Zdwvrq*v +4<:4, ylvlrqdu| duwlfoh/ zklfk zdv zulwwhq vrph |hduv diwhu d iurj
kdg ehhq vxffhvvixoo| forqhg/ exw sulru wr wkh uvw vxffhvvixo lq ylwur ihfxqgdwlrq1 Kh
zulwhv=
Wkhuh douhdg| duh vxfk zlghvsuhdg glyhujhqfhv uhjduglqj wkh vdfuhgqhvv ri wkh dfw ri
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ri wrs delolw| zrunhuv/ forqlqj dhfwv wkh glvwulexwlrq ri lqfrph1
Wklv lv vwxglhg lq vhfwlrq 7/ zklfk dqdo|}hv wkh frqvhtxhqfhv ri forqlqj
iru wkh orqj0uxq glvwulexwlrq ri delolwlhv1 Wklv ghshqgv erwk rq ihuwlolw| dqg
rq krz dq rvsulqj*v delolw| lv uhodwhg wr wkdw ri lwv sduhqwv1 Zh frqvlghu
ydulrxv k|srwkhvhv1 Iluvw/ zh dvvxph wkdw wkh delolw| glvwulexwlrq dprqj
qdwxudo fkloguhq lv wkh vdph dv dprqj sduhqwv<1 Lq vxfk d fdvh/ zkhqhyhu
forqlqj dulvhv/ lw gulyhv wkh hfrqrp| wr d vlwxdwlrq zkhuh doo djhqwv kdyh wkh
kljkhvw delolw| ohyho/ dqg zkhuh forqlqj kdv hyhqwxdoo| glvdsshduhg1 Zh wkhq
frqvlghu d zhdnhu dvvxpswlrq zkhuh wkh glvwulexwlrq ri jhqhv/ udwkhu wkdq
delolwlhv/ lv lqyduldqw wkurxjk vh{xdo uhsurgxfwlrq1 Lq vxfk d fdvh rqh fdq rqo|
suryh wkdw forqlqj holplqdwhv delolw|0uhgxflqj jhqhv lq wkh orqj uxq1 Zh dovr
frqvlghu wkh lpsolfdwlrqv ri pxwdwlrq dqg ri d qhjdwlyh lqfrph ghshqghqfh
lq ihuwlolw| udwhv1 Lq wklv odwwhu fdvh/ forqlqj hyhqwxdoo| surgxfhv d wzr0fodvv
vrflhw|/ zlwk wrs delolw| djhqwv zkr duh w|slfdoo| forqhg/ dqg erwwrp delolw|
djhqwv zkr w|slfdoo| dfw dv vxuurjdwh prwkhuv1
Wkh hpslulfdo uhohydqfh ri wklv sdshu*v dqdo|vlv fohduo| ghshqgv rq wkh
h{whqw wr zklfk hduqlqjv delolw| lv jhqhwlfdoo| wudqvplwwhg1 Wkh lvvxh lv idu
iurp vhwwohg hpslulfdoo|143 Vxuho|/ d idlu vkduh ri wkh yduldqfh ri hduqlqjv lv
dftxluhg1 Iru h{dpsoh/ Dvkhqihowhu dqg Nuxhjhu +4<<7,/ xvlqj d vdpsoh ri
lghqwlfdo wzlqv/ qg uhwxuqv wr hgxfdwlrq dv kljk dv 45049 (1 Wklv grhv qrw
phdq/ krzhyhu/ wkdw jhqhv gr qrw pdwwhu1 Vrph hylghqfh vxjjhvwv wkdw delo0
lw| whvw vfruhv duh pruh fruuhodwhg ehwzhhq wzlqv udlvhg dsduw wkdq ehwzhhq
qrq0wzlqv uhduhg wrjhwkhu +Vhh Erxfkdug dqg PfJxh +4<;4,,1 Ixuwkhupruh/
khulwdeoh sk|vlfdo wudlwv vxfk dv zhljkw dqg vl}h dhfw hduqlqjv +Vhh Eodqfk0
 rzhu dqg Vdujhqw +4<<7,,1
Pruh ixqgdphqwdoo|/ dq lqglylgxdo vxssolhv d yhfwru ri fkdudfwhulvwlfv wr
kxpdq uhsurgxfwlrq wkdw wkh erulqj phdqlqjohvvqhvv ri wkh olyhv ri pdq| zrphq zrxog
eh vx!flhqw fdxvh iru wkhlu zloolqjqhvv wr sduwlflsdwh lq vxfk h{shulphqwdwlrq +111,1
<Wklv zloo eh wkh fdvh li ihuwlolw| lv xqfruuhodwhg zlwk lqfrph dqg li d fklog*v delolw| lv
udqgrpo| fkrvhq ehwzhhq klv prwkhu*v dqg klv idwkhu*v delolw|1
43Fi1 wkh khdwhg Ehoo fxuyh ghedwh lq wkh 4<<3v1 +Khuuqvwhlq dqg Pxuud|/ 4<<8> Ghyolq
hw do1 4<<:> Fdzoh| hw do1 4<<9> Dvkhqihowhu dqg Urxvh +4<<;,,1
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wkh oderu pdunhw/ vrph ri wkhp duh dftxluhg +vxfk dv kdylqj d jrrg qhwzrun
ri frqqhfwlrqv ru nqrzlqj zkhuh wr orfdwh ydoxdeoh lqirupdwlrq,/ rwkhuv dw
ohdvw sduwo| lqqdwh +vxfk dv kdylqj d jrrg phpru| ru uhdfwlqj txlfno|,1 Klv
vdodu| ghshqgv rq wkh yhfwru ri lpsolflw sulfhv ri hdfk fkdudfwhulvwlf/ zklfk
ghshqgv rq whfkqrorj|44 dqg pd| wkxv ydu| zlwk wlph1 Frqvhtxhqwo|/ wkh
h{whqw wr zklfk hduqlqjv srwhqwldo lv khulwdeoh lv olnho| wr eh dhfwhg e| whfk0
qlfdo fkdqjh1 Lw lv sodxvleoh wkdw lq uhfhqw ghfdghv dftxluhg fkdudfwhulvwlfv
kdyh ehfrph pruh lpsruwdqw1 Krzhyhu/ qrwklqj suhfoxghv wkdw wklv wuhqg
eh uhyhuvhg lq wkh ixwxuh145 Lq dq| fdvh/ wklv sdshu lv h{sorudwru| dqg grhv
qrw dgyrfdwh dq| ylhz rq wkdw xquhvroyhg lvvxh1 Reylrxvo|/ li qrqh ri delo0
lw| lv khulwdeoh/ wkhq forqlqj kdv qr vshflf hfrqrplf lpsolfdwlrq uhodwlyh wr
qrupdo uhsurgxfwlrq1
Zkloh/ vlqfh 4<<:/ odz|huv kdyh ghdow vhulrxvo| zlwk wkh frpsoh{ ohjdo
lvvxhv dvvrfldwhg zlwk kxpdq forqlqj/ wr p| nqrzohgjh wkhuh lv kdugo| dq|
sdshu lq hfrqrplfv wkdw ghdo zlwk wkdw wrslf1 Rqh h{fhswlrq lv Srvqhu dqg
Srvqhu +4<<;,1 Wkhlu dssurdfk lv txlwh glhuhqw iurp wkdw ri wkh suhvhqw
sdshu1 Wkh| duh frqfhuqhg zlwk wkh h{whqw wr zklfk vh{xdo uhsurgxfwlrq
pd| eh gulyhq rxw e| forqlqj1 Wkh| frqvlghu vhyhudo phfkdqlvpv1 Rqh lv
wkdw li shrsoh fduh d orw derxw wkhlu fkloguhq*v delolw|/ lq dq| frxsoh wkh
prvw deoh sduwqhu zrxog suhihu wr forqh klp ru khuvhoi udwkhu wkdq hqjdjh lq
vh{xdo uhsurgxfwlrq zlwk wkh rwkhu sduwqhu1 Dqrwkhu lv wkdw wr wkh h{whqw
wkdw lqihuwloh shrsoh zloo xvh forqlqj wr surgxfh dv pdq| rvsulqjv dv ihuwloh
rqhv/ dqg wkdw ihuwloh frxsoh vrphwlphv surgxfh lqihuwloh rvsulqjv/ lqihuwlohv
jhqhv zloo gulyh rxw ihuwloh rqhv lq wkh orqj uxq1 Lq frqwudvw/ lq wklv sdshu/
L dvvxph d wdvwh iru vh{xdo uhsurgxfwlrq dqg frqvlghu wkh uroh ri forqlqj dv
d qdqfldo lqyhvwphqw1 Dv lq Srvqhu dqg Srvqhu lw grhv dhfw wkh orqj whup
jhqhwlf fkdudfwhulvwlfv ri srsxodwlrq exw lq d txlwh glhuhqw zd|1
44Iru h{dpsoh/ li jodvvhv glg qrw h{lvw/ ehlqj p|rslf zrxog vxuho| eh vhyhuho| shqdol}hg
lq wkh oderu pdunhw1
45Frqfhlydeo|/ qhz lqirupdwlrq whfkqrorj| vxfk dv wkh lqwhuqhw frxog uhgxfh wkh ydoxh
ri nqrzlqj krz wr orfdwh lqirupdwlrq1 Vhh Kdvvohu dqg Urguljxh} Prud +5333, iru d
prgho zkhuh wkh uhodwlyh lpsruwdqfh ri lqwhooljhqfh yv1 vrfldo edfnjurxqg ghshqgv rq wkh
hfrqrplf hqylurqphqw1
7
5 D pdunhw iru forqhvB
Li d forqh zhuh wuhdwhg dv d surgxfw/ lw frxog eh sdwhqwhg1 Wkrvh zkr sxw
xs wkh uhvrxufhv qhhghg wr surgxfh wkh forqh frxog wkhq uhds doo wkh uhwxuqv
wr wkh forqh*v jhqhv e| iruflqj clw* lq wkh kljkhvw uhwxuq rffxsdwlrq dqg h{0
sursuldwlqj doo lwv oderu lqfrph1 Lq wklv fdvh/ wkh pdunhw zrxog lqwhuqdol}h
wkh cvrfldo ehqhwv* ri forqlqj dqg surgxfh d odujh qxpehu ri frslhv ri Eloo
Jdwhv dqg ri ydulrxv wrs sk|vlfldqv dqg odz|huv1 Prudo kd}dug frxog plwl0
jdwh wkhvh hhfwv/ exw wkh surgxfhuv frxog vwloo jhw frqvlghudeoh uhwxuqv rq
wkhlu lqyhvwphqw e| lpsrvlqj dq dghtxdwh lqfhqwlyh frqwudfw1
Krzhyhu/ forqhv duh kxpdq ehlqjv/ dqg duh olnho| wr eh judqwhg wkh vdph
flylo uljkwv dv rwkhu lqglylgxdov +dowkrxjk wklv lv qrw wrwdoo| reylrxv,461 Qr
vodyhu| fdq eh lpsrvhg rq wkhp/ dqg wkh| grq*w kdyh wr delgh e| wkh whupv
ri d frqwudfw wkh| kdyh qrw vljqhg1 Li wkh| fdq dssursuldwh doo wkh uhwxuqv wr
wkhlu jhqhv/ wkh sulydwh hfrqrplf lqfhqwlyhv iru forqlqj zloo eh qrq h{lvwhqw1
Shrsoh fdqqrw eh sdwhqwhg1
Wklv eulqjv wkh iroorzlqj txhvwlrq= lq d iuhh/ ghprfudwlf vrflhw|/ zkdw vruw
ri ghylfhv frxog lqyhvwruv xvh wr dssursuldwh sduw ri wkh oderu lqfrph ri dq
lqglylgxdo wkh| kdyh surgxfhgB Ohw xv vxjjhvw wkh iroorzlqj dssursuldelolw|
phfkdqlvpv1
Wkh vlpsohvw rqh lv d qhjdwlyh ehtxhvw1 Wkh forqh frxog eh ohjdoo| dgrswhg
e| lwv prgho dqg wkh prgho zrxog eruurz prqh| wkdw zrxog lpsolflwo| eh
edfnhg e| wkh forqh*v ixwxuh hduqlqjv1 Vxfk qhjdwlyh ehtxhvwv duh loohjdo lq
prvw zhvwhuq frxqwulhv/ exw qrw lq Mdsdq/ iru h{dpsoh1 Qhjdwlyh ehtxhvwv
frph forvh wr ixoo dssursuldelolw| ri wkh forqh*v lqfrph1
Dqrwkhu srvvlelolw| lv lqirupdwlrq uhwhqwlrq1 D forqlqj up frxog ex|
vrph GQD iurp d wrs delolw| lqglylgxdo dqg surgxfh d forqh wkrxvdqgv ri
nlorphwhuv dzd|1 Wkh ruljlqdo lqglylgxdo zrxog qrw nqrz dq|wklqj derxw
klv2khu forqh1 Zkhq wkh forqh kdv uhdfkhg klv ohjdo pdmrulw|/ wkh up zrxog
46Wkh Qdwlrqdo Elrhwklfv Dgylvru| Frpplvvlrq +4<<:, dgyrfdwhv wkdw dq| fkloguhq
eruq dv d uhvxow ri wklv whfkqltxh vkrxog eh wuhdwhg dv kdylqj wkh vdph uljkwv dqg prudo
vwdwxv dv dq| rwkhu kxpdq ehlqj1
8
vhoo klp lqirupdwlrq derxw wkh prgho= jhqhdorj|/ fduhhu/ hwf1 Wklv lqiru0
pdwlrq zrxog dovr eh yhuldeoh e| dq| srwhqwldo hpsor|hu1 Xsrq ehlqj
frqwdfwhg e| wkh up/ wkh lqglylgxdo zrxog ohduq wkdw kh ru vkh lv wkh forqh
ri d wrs delolw| zrunhu1 Kh lv wkhq zloolqj wr sd| d vxevwdqwldo dprxqw ri
prqh| wr nqrz zkhwkhu kh lv wkh forqh ri d ylrolqlvw ru d vxujhrq1 Wkxv/ e|
zlwkkroglqj lqirupdwlrq derxw wkh prgho*v vshflf wdohqw/ wkh up lv deoh wr
dssursuldwh sduw ri wkh forqh*v oderu lqfrph1
Dq h{wuhph irup ri lqirupdwlrq uhwhqwlrq lv jhqrph rzqhuvkls1 Wkhuh lv
qrz d ghedwh derxw zkhwkhu jhqhwlf frgh frxog eh sdwhqwhg1 Li wklv wxuqv
rxw wr eh ohjdo/ wkh up frxog vlpso| rzq surshuw| uljkwv ryhu wkh prgho*v
jhqrph dqg lwv forqhv frxog kdyh wkh rswlrq wr ex| lw/ vr dv wr xvh lw lq
rughu wr lpsuryh wkhlu khdowk dqg oderu pdunhw survshfwv1 Lq wkh iruphu
fdvh/ wkhlu prwlydwlrq iru ex|lqj wkhlu jhqrph lv xquhodwhg wr wkhlu hduqlqjv
delolw|> qhyhuwkhohvv/ wkhlu zloolqjqhvv wr sd| iru lw lv olnho| wr eh juhdwhu/ wkh
juhdwhu wkhlu hduqlqjv1 Khqfh wkh lqfhqwlyh wr forqh wrs shuiruphuv uhpdlqv1
E| pdnlqj forqhv/ wkh up zrxog wkhq vlpso| jhqhudwh fxvwrphuv iru d jlyhq
jhqrph1
Ilqdoo|/ rqh frxog srwhqwldoo| h{wudfw uhqwv iurp forqhv yld hgxfdwlrq1
Wkh uhwxuqv wr kljkhu hgxfdwlrq duh kljkhu iru wrs delolw| shrsoh1 Exw wkhuh
duhq*w wkdw pdq| wrs vfkrrov/ vr wkdw frpshwlwlrq dprqj wkrvh vfkrrov lv
orz1 Dv d uhvxow wkh| duh deoh wr h{wudfw uhqwv iurp wkhlu vwxghqwv lq wkh irup
ri wxlwlrq ihhv dqg jliwv1 Wkh| h{shfw wr jhw juhdwhu uhqwv iurp pruh deoh
vwxghqwv1 Khqfh/ d frqvruwlxp ri wrs vfkrrov frxog lqyhvw lq wkh forqlqj ri
wrs lqglylgxdov/ nqrzlqj wkdw d idlu iudfwlrq ri wkhvh forqhv zloo jhw hgxfdwhg
dw d wrs vfkrro1
Fohduo| wkhvh phfkdqlvpv duh idu zhdnhu wkdq vodyhu|/ dqg zloo jhqhudwh
dq htxloleulxp ohyho ri forqlqj pxfk orzhu wkdq li forqhv zhuh judqwhg ihzhu
uljkwv wkdq ruljlqdo kxpdq ehlqjv1 Krzhyhu/ lw lv qrw xquhdvrqdeoh wr vshfx0
odwh wkdw li wkh lqfrph survshfwv ri wkh lqglylgxdo duh odujh hqrxjk/ wkhuh zloo
eh hqrxjk lqfhqwlyhv iru forqlqj klp ru khu hyhq dw vxfk orz dssursuldelolw|
ohyhov1
9
Frqwudfwlelolw| sureohpv dvvrfldwhg zlwk wkh vxuurjdwh prwkhu/ rq wkh
rwkhu kdqg/ duh oljkwhu/ ghvslwh wkh idfw wkdw vkh zrxog ohjdoo| eh wkh prwkhu
ri wkh fklog1 Wkh up frxog pdnh vxuh wkh forqh ghyhorsv surshuo| e| kdylqj
khu vljq d frqwudfw vshfli|lqj khu glhw gxulqj suhjqdqf|/ hwf1 Lw frxog prqlwru
wkh forqhv* khdowk gxulqj suhjqdqf|/ dqg vr iruwk1 Rqh vkrxog qrwh/ krzhyhu/
wkdw rqfh wkh forqh h{lvwv wkhuh zloo eh d vlwxdwlrq ri elodwhudo prqrsro|
ehwzhhq wkh vxuurjdwh prwkhu dqg wkh up1 Iru h{dpsoh/ wkh vxuurjdwh
prwkhu frxog h{wudfw uhqwv iurp wkh up e| uhixvlqj wr vhqg wkh fklog wr d
jrrg vfkrro xqohvv vkh lv eulehg1 Hdfk dvshfw ri wkh forqh*v olih wkdw kdv qrw
ehhq frqwudfwhg xsrq h{0dqwh zloo eh h{srvhg wr krog0xs e| wkh vxuurjdwh
prwkhu/ zklfk uhgxfhv dssursuldelolw|1 Vxfk sureohpv douhdg| dulvh uhjduglqj
h{lvwlqj whfkqltxhv ri dvvlvwhg uhsurgxfwlrq147
Wr frqfoxgh wklv vhfwlrq/ ohw xv srlqw rxw wkdw/ mxvw olnh forqlqj qhhg
qrw eh edqqhg lq doo frxqwulhv/ vrph frxqwulhv pd| ghyhors d ohjdo v|vwhp
zkhuh forqhv kdyh ihzhu uljkwv1 Fohduo|/ glhuhqw fxowxuhv kdyh glhuhqw ylhzv
derxw vd|/ wkh uljkwv ri zrphq ru fkloguhq/ vr wkh| pljkw dovr wuhdw forqhv
glhuhqwo|1 Li wklv lv vr/ dssursuldelolw| pd| eh kljk lq d vxevhw ri frxqwulhv1
Hyhq li wkhvh frxqwulhv duh vpdoo/ e| dwwudfwlqj iruhljq gluhfw lqyhvwphqw lq
forqlqj wkh| pd| frqwulexwh wr d kljk ohyho ri forqlqj zruogzlgh1
6 Forqlqj lq dq ryhuodsslqj jhqhudwlrqv prgho
Lq wklv vhfwlrq/ zh vhw xs wkh prgho*v pdlq dvvxpswlrq dqg ghulyh lwv suh0
glfwlrqv derxw wkh htxloleulxp ohyho ri forqlqj1 Wkh frpsohwh vroxwlrq lv
srvwsrqhg wr wkh qh{w vhfwlrq1
Wkhuh duh ryhuodsslqj jhqhudwlrqv ri djhqwv/ hdfk olylqj wzr shulrgv1
47Vhh Srvqhu +4<;<,1 Dffruglqj wr Fkhvwhu +4<<:,/ Gu1 Mrvhsk Vfkxopdq/ wkh gluhfwru
ri wkh Jhqhwlfv dqg LYI Lqvwlwxwh/ dgyrfdwhg lq Mxqh 4<<: wkdw vxfk sureohpv vkrxog
eh vroyhg e| zulwlqj d frpsohwh frqwudfw ehwzhhq wkh sduwlhv lqyroyhg1 Fkhvwhu fodlpv
wkdw wkhuh lv d ohjdo ydfxxp vxuurxqglqj wkhvh lvvxhv dqg wkdw vxfk frqwudfwv vkrxog eh
uhjxodwhg iru htxlw| uhdvrqv/ jlyhq wkh xqhtxdo edujdlqlqj srzhu ri sduhqwv/ vxuurjdwhv/
dqg ihuwlolw| folqlfv1 Kh dovr uhsruwv d Qhz Mhuvh| fdvh ri d frq lfw ehwzhhq d +jhqhwlf,
vxuurjdwh prwkhu dqg wkh lqvhplqdwru*v krxvhkrog/ zkhuh wkh vxuurjdf| frqwudfw zdv lq0
ydolgdwhg exw fxvwrg| zdv judqwhg wr wkh odwwhu1
:
Rqo| wkh |rxqj zrun1 Wkh |rxqj glhu e| wkhlu delolw| @c zklfk lv lqwhusuhwhg
dv surgxfwlylw| shu xqlw ri wlph dqg glvwulexwhg ryhu d@/7@o1 Wklv dvvxpswlrq
lpsolhv wkdw surgxfwlylw| w|shv duh shuihfw vxevwlwxwhv1 Wkh xwlolw| ri d php0
ehu ri jhqhudwlrq | lv jlyhq e|
L| ’ *? S+| n q *? SJ|n n  *??+| +4,
czkhuh S+|c SJ|nc dqg ?+| duh frqvxpswlrq zkhq |rxqj/ frqvxpswlrq zkhq
rog/ dqg qxpehu ri fkloguhq/ uhvshfwlyho|1 Wkxv shrsoh ghulyh xwlolw| iurp
kdylqj fkloguhq1 E| fkloguhq zh uhihu wr vh{xdoo| surgxfhg rqhv1 Wkxv/ zh
uxoh rxw dq| cqduflvvlvw* ru cphjdorpdqldf* prwlyh iru forqlqj> shrsoh duh qrw
pdgh kdss| e| wkh h{lvwhqfh ri d frs| ri wkhpvhoyhv148
\rxqj djhqwv kdyh d {hg wlph hqgrzphqw/ zklfk zh qrupdol}h wr rqh1
Zh dvvxph wkdw wkhuh lv d wlph frvw K shu fklog ri udlvlqj fkloguhq1 Shrsoh fdq
udlvh fkloguhq iru wkhpvhoyhv ru forqhv ri rwkhu shrsoh/ dfwlqj dv d vxuurjdwh
prwkhu1 Lq wkh odwwhu fdvh wkh| duh sdlg R| R| lv wkh htxloleulxp sulfh ri d
forqh/ ru htxlydohqwo| wkh uhqwdo udwh ri d zrpe1 Doo zrpev duh htxlydohqw/ vr
wkdw R| grhv qrw ghshqg rq wkh vxuurjdwh*v fkdudfwhulvwlfv1 Wkhuh lv qr frvw
ri forqlqj rwkhu wkdq wkh wlph ri vxuurjdwh prwkhuv149 Frqvhtxhqwo|/ lq rughu
wr forqh rqhvhoi/ dq lqglylgxdo mxvw kdv wr wudqvihu R| wr wkh vxuurjdwh1 Pdq|
ri wkh uhvxowv ehorz duh edvhg rq wkh dvvxpswlrq wkdw vxuurjdf| fdqqrw eh
48Zh duh frqvflrxv wkdw wklv dvvxpswlrq uxqv frxqwhu wr vrflrelrorjlfdo dujxphqwv wkdw
uhodwh dowuxlvp wr wkh cfrh!flhqw ri nlqvkls*/ l1h1 wr wkh qxpehu ri jhqhv vkduhg ehwzhhq wkh
dowuxlvwlf lqglylgxdo dqg wkh lqglylgxdo zkr ehqhwv iurp dowuxlvp1 Vhh Gdznlqv +4<<3,/
Zlovrq +4<:7, iru dq h{srvlwlrq ri wkhvh dujxphqwv edvhg rq qdwxudo vhohfwlrq1
Zkdw lv xqfohdu/ dw wklv vwdjh/ lv zkhwkhu wklv dujxphqw fdq eh h{whqghg wr fodlp wkdw d
wdvwh iru duwlfldoo| surgxflqj forqhv zloo hyroyh dv dq rxwfrph ri qdwxudo vhohfwlrq1 Wdnlqj
dv judqwhg wkdw dowuxlvp kdv hyroyhg dv wkh rxwfrph ri *nlq +ru *jurxs*, vhohfwlrq*/ lw lv
dovr wuxh wkdw glsorlg uhsurgxfwlrq kdv hyroyhg dqg wkdw rqo| yhu| vlpsoh rujdqlvpv duh
uhsurgxfhg lq d qrq vh{xdo zd|1 Pdq| Gduzlqlvwv zrxog dujxh wkdw vh{xdo uhsurgxfwlrq
lqfuhdvhv jhqhwlf glyhuvlw|/ wkxv pdnlqj wkh jurxs ru vshflhv pruh dgdswdeoh wr fkdqjhv
lq lwv hqylurqphqw1 Jurxsv zkhuh forqlqj lv wrr lpsruwdqw pljkw glvdsshdu1 Lq wkh orqj
uxq/ forqlqj surklelwlrq pljkw dsshdu/ mxvw olnh lqfhvw surklelwlrq kdv hyroyhg1
49Fohduo|/ rqh frxog eh pruh jhqhudo dqg dvvxph wkh h{lvwhqfh ri d frpshwlwlyh elrwhfk
lqgxvwu| zklfk zrxog wdnh fduh ri wkh whfkqlfdo frvwv ri forqlqj1 Lqwxlwlyho|/ wklv zrxog qrw
fkdqjh rxu uhvxowv1 Lpshuihfw frpshwlwlrq lq wkh forqlqj lqgxvwu| zrxog udlvh lqwhuhvwlqj
lvvxhv/ exw wkh| duh eh|rqg wkh vfrsh ri rxu sdshu dqg pd| qrw eh vshflf wr forqlqj1
;
dyrlghg1 Wklv frxog eh fkdoohqjhg vlqfh vflhqwlvwv kdyh douhdg| jlyhq eluwk wr
jrdwv lq duwlfldo uxeehu zrpev14: Lq wkh dsshqgl{/ zh eulh | glvfxvv krz
wkh frqglwlrq iru forqlqj wr dulvh zrxog eh fkdqjhg li rqo| fdslwdo/ udwkhu
wkdq kxpdq wlph/ zhuh qhhghg wr surgxfh forqhv1
Forqhv kdyh h{dfwo| wkh vdph delolw| dv wkhlu prgho1 Zkhq rog/ d forqhg
lqglylgxdo fdq dssursuldwh d iudfwlrq ) ri klv forqhv* lqfrph1 ) lv ghwhuplqhg
e| wkh frqvlghudwlrqv ghyhorshg lq wkh suhylrxv vhfwlrq1 Qrwh dovr wkdw shrsoh
gr qrw zdqw wr h{wudfw lqfrph iurp wkhlu rzq fkloguhq1
Wkhuhiruh/ wkh exgjhw frqvwudlqw lv
S+| n
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zkhuh | lv wkh zdjh udwh shu xqlw ri surgxfwlylw| dw gdwh |c o|n wkh lqwhuhvw
udwh ehwzhhq | dqg | n c D| wkh qxpehu ri forqhv surgxfhg e| wkh djhqw dw
|c dqg >| wkh qxpehu ri forqhv ri lwvhoi erxjkw e| wkh djhqw dw | Wkh whup

no|n
)+|nE@>| lv wkh suhvhqw glvfrxqwhg lqfrph jhqhudwhg e| wkh djhqw*v
forqhv1 +|nE@ lv wkh oderu lqfrph ri dq djhqw zlwk delolw| @ dw gdwh |n Li
vxfk djhqwv surgxfh ?|nE@ rzq fkloguhq dqg D|nE@ forqhv ri rwkhuv/ wkhq
+|nE@ ’ @|nE KE?|nE@ n D|nE@
Djhqwv pd{lpl}h +4, zlwk uhvshfw wr S+|c SJ|nc D|c ?|c dqg >| vxemhfw wr
wkhlu exgjhw frqvwudlqw +5, dqg wkhlu wlph frqvwudlqw
KE?| n D|   +6,
Lqwhuhvw udwhv dqg zdjhv duh ghwhuplqhg e| wkh surgxfwlrq ixqfwlrq dqg
wkh g|qdplfv ri fdslwdo dffxpxodwlrq1 Zh vkdoo iroorz wkh vwdqgdug dvvxps0
wlrqv pdgh lq ryhuodsslqj jhqhudwlrqv prghov1 Wkh |rxqj dftxluh qh{w sh0
ulrg*v fdslwdo vwrfn/ wkh surgxfwlrq ixqfwlrq kdv frqvwdqw uhwxuqv wr vfdoh/
dqg shuihfw frpshwlwlrq hqvxuhv wkdw idfwruv duh sdlg wkhlu pdujlqdo surg0
xfw1 Wkhvh surshuwlhv zloo eh xvhg odwhu lq wkh sdshu1 Iru wkh wlph ehlqj
4:Vhh Fkulvwlh dqg Yrq Udgrzlw} +4<<:,> Kdghog +4<<5,/ dqg Nxzdedud +4<<5,1
<
zh ghulyh wkh frqvxpswlrq dqg ihuwlolw| ghflvlrqv lq sduwldo htxloleulxp/ l1h1
wdnlqj zdjhv dqg lqwhuhvw udwhv dv h{rjhqrxv14;
614 Wkh ghpdqg iru forqlqj
Zh vwduw e| ghulylqj wkh ghpdqg iru forqlqj/ l1h1 wkh uvw0rughu frqglwlrqv
zlwk uhvshfw wr > Jlyhq wkdw lw grhv qrw hqwhu xwlolw| qru wkh wlph frqvwudlqw/
djhqwv zloo vhw > vr dv wr pd{lpl}h wkh UKV ri +5,1 Vlqfh lw lv olqhdu lq >
dqg frqvxpswlrq fdqqrw eh lqqlwh/ lw pxvw eh qrqlqfuhdvlqj lq > iru doo @c
lpso|lqj

 n o|n
)+|nE@  R|c ;@
Zh uhdolvwlfdoo| dvvxph wkdw +|nE@ lv lqfuhdvlqj zlwk @c zklfk zloo wxuq
rxw wr eh wuxh lq htxloleulxp1 Lw iroorzv wkdw lq htxloleulxp wkh ghpdqg sulfh
iru forqlqj lv ghwhuplqhg e| wkh prvw deoh w|sh*v zloolqjqhvv wr sd|/ l1h1
R| ’

 n o|n
)+|nE7@ +7,
Wkhuhiruh/ rqo| wkh kljkhvw delolw| djhqwv zloo eh forqhg1 Ehfdxvh/ iru d
jlyhq Rc wkhuh lv qr olplw wr wkh uhsolfdwlrq ri d jlyhq lqglylgxdo/ dqg ehfdxvh
wkh jdlqv iurp forqlqj rqhvhoi duh lqfuhdvlqj zlwk delolw| +vlqfh rqh nqrzv
iru vxuh wkdw wkh forqh zloo kdyh wkh vdph delolw| dv wkh ruljlqdo,/ wkh prvw
deoh djhqwv elg xs wkh sulfh ri forqlqj xqwlo ohvv deoh shrsoh duh gulyhq rxw
wkh pdunhw1 Wklv skhqrphqrq zrxog eh plwljdwhg li wkhuh zhuh qr shuihfw
vxevwlwxwdelolw| dfurvv delolw| w|shv/ lq zklfk fdvh wkh dprxqw ri forqlqj lq
hdfk w|sh zrxog eh ghwhuplqhg vr dv wr htxdwh lqfrphv dfurvv forqhv1
Wkxv wkh ghpdqg iru forqlqj lv lqqlwho| hodvwlf1 Lq sduwlfxodu/ lw grhv qrw
ghshqg rq wkh ghqvlw| ri shrsoh dw wkh kljkhvw delolw| ohyho1 Rqh frxog hyhq
dvvxph wkdw d odujh iudfwlrq ri wkh srsxodwlrq grhv qrw zdqw wr forqh lwvhoi1
Lw lv hqrxjk wkdw vrph lqglylgxdov dw wkh kljkhvw delolw| ohyho duh zloolqj wr
4;Wkh iroorzlqj glvfxvvlrq lv dovr fruuhfw lq jhqhudo htxloleulxp surylghg wkh surgxfwlrq
ixqfwlrq lv olqhdu/ I +N>O, @ uN .zO=
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gr vr wr errvw wkh sulfh wr wkh ohyho ghwhuplqhg e| +7,14< Wkh qxpehu ri
forqhv wkdw zloo eh surgxfhg grhv qrw ghshqg rq ghpdqg/ exw rq vxsso|1
D uhgxfwlrq lq wkh qxpehu ri kljk0delolw| zrunhuv zloolqj wr eh forqhg zloo
vlpso| eh rvhw e| dq lqfuhdvh lq wkh qxpehu ri wlphv hdfk ri wkhp lv forqhg1
Qrwh wkdw forqlqj lv dq lqyhvwphqw/ dq dowhuqdwlyh wr lqyhvwlqj lq sk|vlfdo
fdslwdo1 Lqghhg/ +7, lv dq duelwudjh frqglwlrq ehwzhhq wkhvh wzr w|shv ri lq0
yhvwphqwv1 Krzhyhu/ zh vkdoo dvvxph wkdw lq d uhsuhvhqwdwlyh djhqw hfrqrp|
lw zrxog qrw eh dv surwdeoh dv sk|vlfdo fdslwdo/ lq d zd| wr eh pdgh pruh
suhflvh ehorz +vhh ht1 +K3,,1
615 Wkh vxsso| ri forqhv
Zh qrz wxuq wr wkh vxsso| ri forqhv/ l1h1 wkh ghwhuplqdwlrq ri D Djdlq/ wkh
UKV ri +5, lv olqhdu lq D Frqvhtxhqwo|/ li R| 	 K|@c wkh djhqw zloo fkrrvh
 ’ f( li R| : K|@c wkhq wkh djhqw zloo fkrrvh wkh kljkhvw srvvleoh ydoxh ri
Dc l1h1 D ’ *K ?
Wkhuhiruh/ wkhuh h{lvwv d wkuhvkrog ohyho ri delolw|/ ghwhuplqhg e|
@W| ’
R|
|K
c +8,
ehorz zklfk djhqwv zloo hqwluho| vshfldol}h lq wkh surgxfwlrq ri forqhv/ dqg
deryh zklfk wkh| zloo hqwluho| vshfldol}h lq surgxfwlrq153 Orz delolw| djhqwv
kdyh d frpsdudwlyh dgydqwdjh lq surgxflqj forqhv1 Wklv wkuhvkrog lqfuhdvhv
zlwk wkh sulfh ri forqhv dqg idoov zlwk wkh rssruwxqlw| frvw ri surgxflqj
fkloguhq/ htxdo wr wkh surgxfw ri wkh zdjh dqg wkh wlph frvw ri fklog udlvlqj1
Krz pdq| forqhv zloo orz delolw| shrsoh surgxfhB Zh fdq vwudljkwiru0
4<Dffruglqj wr d 4<<: sroo/ derxw 9 ( ri wkh shrsoh duh zloolqj wr forqh wkhpvhoyhv1 Vhh
Forqh wkh forzqv/ Wkh Hfrqrplvw/ Pdufk 4 4<<:1
53Khuh vshfldol}dwlrq uhihuv wr wkh wlph ohiw wr pdunhw dfwlylwlhv +forqlqj dqg surgxf0
wlrq,/ rqfh wkh wlph xvhg wr udlvh rqh*v rzq fkloguhq kdv ehhq vxewudfwhg1
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zdugo| vroyh iru wkhlu rswlpl}dwlrq sureohp dqg jhw wkh iroorzlqj vroxwlrq=
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Wkhuhiruh/ wkhvh djhqwv zloo surgxfh wkh vdph qxpehu ri fkloguhq dqg
forqhv/ uhjdugohvv ri wkhlu delolw|1 Wkhlu lqfrph lv hqwluho| gxh wr forqlqj dqg
grhv qrw ghshqg rq delolw|1
Wkh wrwdo vxsso| ri forqlqj lv wkhuhiruh jlyhq e|
|D8|E@
W
| c +9,
zkhuh | lv wkh vl}h ri wkh |rxqj frkruw dw | dqg 8|E wkh fxpxodwlyh glvwul0
exwlrq ri vnloov lq wkdw frkruw1
Zh fdq dovr frpsxwh frqvxpswlrq dqg ihuwlolw| iru qrq0forqhg djhqwv
zkr gr qrw surgxfh forqhv +@ : @W| 1 Lw lv hdv| wr vhh wkdw/ iru wkhvh djhqwv/
pd{lpl}dwlrq ri +4, vxemhfw wr +5, dqg +6, |lhogv
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Wkhvh htxdwlrqv dovr krog iru qrq0forqhv ri wkh kljkhvw delolw| w|sh @ ’ 7@(
frpshwlwlrq dprqj wkhp holplqdwhv dq| srwhqwldo uhqwv wkh| frxog jhw iurp
forqlqj wkhpvhoyhv/ vr wkdw wkhlu exgjhw frqvwudlqw lv xqdhfwhg e| forqlqj1
Wklqjv duh voljkwo| glhuhqw/ krzhyhu/ iru forqhv1 Wkh| pxvw wudqvihu dq
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dprxqw )|7@E K?+| wr wkhlu prgho1 Rqh fdq wkhq fkhfn wkdw wkh vroxwlrq
lv
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Forqhv duh srruhu wkdq htxlydohqw/ vh{xdoo| surgxfhg/ zrunhuv ehfdxvh
wkh| rzh prqh| wr wkhlu eoxhsulqw1 Wklv uhvxowv lq orzhu frqvxpswlrq exw
lq wkh vdph qxpehu ri fkloguhq154 Wkxv/ d frqyhqlhqw ihdwxuh ri wkh prgho
lv wkdw doo delolw| w|shv zloo surgxfh wkh vdph frqvwdqw qxpehu ? ri vh{xdoo|
surgxfhg fkloguhq1 Wklv lv vrphkrz d ghvludeoh surshuw| ri wkh prgho/ vlqfh
rwkhuzlvh wkh lqlwldo glvwulexwlrq ri delolwlhv frxog qrw eh lq d orqj0uxq vwhdg|
vwdwh1
Ilqdoo|/ wkh oderu lqfrph ri wrs delolw| djhqwv lv
+|nE7@ ’ |n7@E K? ’ |n7@E n q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616 Htxloleulxp forqlqj
Wkhuh zloo eh d srvlwlyh dprxqw ri forqlqj li wkh ghpdqg sulfh/ dv ghwhu0
plqhg e| +7,/ |lhogv d ydoxh ri wkh wkuhvkrog lq +8, zklfk lv kljkhu wkdq wkh
plqlpxp delolw| ohyho @ Wklv lv htxlydohqw wr
@ 	
)+|nE7@
E n o|n K|
’ @W| +;,
Lq vwhdg| vwdwh/ wklv frqglwlrq lv htxlydohqw wr
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54Wklv lv ehfdxvh xwlolw| lv orjdulwkplf dqg ehfdxvh wkh frvw ri fkloguhq lv lq whupv ri
wlph udwkhu wkdq oderu lqfrph1
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zkhuh } lv wkh jurzwk udwh ri oderu0dxjphqwlqj wrwdo idfwru surgxfwlylw|1
Wklv frqglwlrq lv pruh olnho| wr krog/
 wkh orzhu wkh frvw ri surgxflqj fkloguhq/ K
 wkh kljkhu wkh dssursuldelolw| ri forqh lqfrph )
 wkh kljkhu wkh jurzwk udwh }
 wkh orzhu wkh htxloleulxp udwh ri uhwxuq o
 Wkh orzhu wkh uhodwlyh wdvwh iru fkloguhq/ dv phdvxuhg e| *En q n 
 wkh orzhu wkh udwlr ehwzhhq wkh orzhvw dqg kljkhvw delolw| ohyho @
7@

Wkh uvw wzr surshuwlhv vlpso| fdswxuh wkh frvwv dqg ehqhwv ri forqlqj1
Dv forqlqj lv dq lqyhvwphqw/ zklfk wudqvirupv suhvhqw frvwv lqwr ixwxuh uhy0
hqxhv/ d kljkhu frvw ri fdslwdo uhgxfhv lw/ zkloh idvwhu jurzwk lqfuhdvhv lwv
ixwxuh uhwxuqv1 Wkh hhfw ri wkh wdvwh iru fkloguhq frphv iurp wkh idfw wkdw
rqo| oderu lqfrph lv dssursuldeoh iurp forqhv> wkhuhiruh/ d juhdwhu surshqvlw|
wr pdnh fkloguhq zloo uhgxfh wkhlu oderu lqfrph dqg wkhuhiruh wkh uhwxuq iurp
forqlqj155 Ilqdoo|/ wkh prvw lqwhuhvwlqj surshuw| lv wkh odvw rqh/ zklfk whoov
xv wkdw forqlqj lv pruh olnho| wr dulvh lq pruh lqhjdolwduldq vrflhwlhv1 Forqlqj
lv pruh olnho| wr dulvh/ wkh orzhu wkh rssruwxqlw| frvw ri wlph ri wkrvh zkr
surgxfh forqhv uhodwlyh wr wkh lqfrph ri wkrvh zkr jhw forqhg/ l1h1 wkh juhdwhu
lqhtxdolw|1
Li +;, krogv/ wkhq wkh wrwdo qxpehu ri forqhv lv vlpso| rewdlqhg e| vxe0
vwlwxwlqj +7, dqg +8, lqwr +9,1 Rqh jhwv
D|8|E

 n o|n
7@|n
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c
zkhuh  ’ )E  K? ’ )E n q*E n q n  lv lqwurgxfhg wr vdyh rq
qrwdwlrq/ dqg uhihuv wr wkh lqfrph h{wudfwhg iurp forqhv uhodwlyh wr wkhlu
55Wklv hhfw zrxog qrw dsshdu li rqh frxog dssursuldwh d iudfwlrq ri wrwdo hduqlqjv
fdsdflw| dzw.4 lqvwhdg ri oderu lqfrph dzw.4+4 eq,=
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pd{lpxp hduqlqjv srwhqwldo1 Wkhvh shrsoh doo kdyh wkh kljkhvw delolw| ohyho
7@
Wkxv/ vrflhw| zloo rujdql}h lwvhoi lq wkuhh fodvvhv= d uhsurgxfwlyh fodvv dw
wkh erwwrp ri wkh glvwulexwlrq ri delolw|> d surgxfwlyh fodvv dw lqwhuphgldwh
ohyhov> dqg d uhsolfdwhg fodvv dw wkh yhu| wrs ri wkh delolw| glvwulexwlrq1 Dv lq
dq dqw vrflhw|/ wkhuh lv d uhodwlrqvkls ehwzhhq uhsurgxfwlrq whfkqrorj| dqg
hfrqrplf vwdwxv156
617 Forqlqj yv1 Vh{
D uhohydqw txhvwlrq lv= zk| grq*w zh revhuyh/ hyhq lq wkh devhqfh ri forqlqj/
d pdunhw iru vh{xdoo| surgxfhg kxpdq ehlqjvB Wkh dqvzhu lv wkdw wklv lv qrw
uxohg rxw d sulrul/ exw wkh lqfhqwlyhv iru vxfk d pdunhw wr dulvh duh zhdnhu
wkdq lq wkh fdvh ri forqlqj1 Wkhuh duh wzr w|shv ri uhdvrqv iru wkdw1 Iluvw/
jlyhq wkh odujh udqgrpqhvv dvvrfldwhg zlwk wkh rvsulqj*v fkdudfwhulvwlfv/
wkh dssursuldelolw| phfkdqlvpv ghvfulehg lq wkh suhylrxv vhfwlrq duh olnho|
wr eh pxfk zhdnhu1 Vhfrqg/ wkh idfw wkdw uhsurgxfhuv duh vhohfwhg dw wkh
erwwrp ri wkh delolw| glvwulexwlrq lqhylwdeo| uhgxfhv wkh dyhudjh delolw| ri
wkh rvsulqj/ dqg wkxv wkh lqfrph wkdw fdq eh h{wudfwhg iurp lw1
Dvvxph wkdw rq dyhudjh wkh delolw| ri wkh rvsulqj lv htxdo wr wkh phdq
delolw| ri lwv sduhqwv1 Wkhq li wkh prvw deoh djhqw ex|v d fklog iurp d vxs0
solhu ri delolw| @c wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri lqfrph dvvrfldwhg
zlwk wkdw rshudwlrq lv
|n
 n o|n
7@n @
2

Lq htxloleulxp wklv pxvw eh htxdo wr wkh sulfh ^|E@ ri d fklog iurp d
uhsurgxfhu zlwk delolw| @ G
^|E@ ’
|n
 n o|n
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2

56Vlplodulw| wr dq dqw vrflhw| frxog eh lqfuhdvhg li wkhuh zdv qr vshflf wdvwh iru vh{xdo
uhsurgxfwlrq/ lq zklfk fdvh forqlqj frxog hyhqwxdoo| glvsodfh vh{xdo uhsurgxfwlrq iru wkh
prvw deoh w|sh/ dv Srvqhu dqg Srvqhu +4<<;, dujxh fdq kdsshq1
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Wklv htxdwlrq ghwhuplqhv wkh ghpdqg sulfh iru dq rvsulqj vh{xdoo| sur0
gxfhg zlwk d pdwh ri delolw| @ Dv lq wkh forqlqj fdvh/ frpshwlwlrq zloo hqvxuh
wkdw rqo| wkh kljkhvw delolw| djhqwv duh zloolqj wr sd| iru vxfk d ghvfhqghqw1
Frqwudu| wr wkh forqlqj fdvh/ wkh sulfh ri dq rvsulqj qrz ghshqgv rq wkh
delolw| ri wkh uhsurgxfhu/ vlqfh lw dhfwv wkh rvsulqj*v txdolw|1
Li erwk forqlqj dqg vh{xdo uhsurgxfwlrq fdq eh sxufkdvhg/ wkhq forqlqj
zloo dozd|v grplqdwh dv ^|E@ 	 R|
Vxssrvh qrz wkdw forqlqj lv qrw dydlodeoh1 Zkdw zh fdq suryh lv wkdw
jlyhq idfwru sulfhv/ d pdunhw iru vh{xdo uhsurgxfwlrq lv ohvv olnho| wr eh yldeoh
wkdq d pdunhw iru forqlqj1 Wr vhh wklv/ uvw qrwh wkdw dv deryh/ shrsoh zloo
vshfldol}h lq uhsurgxfwlrql1h1/ pdwlqj zlwk kljk delolw| djhqwv l ^|E@ :
|@K Lq htxloleulxp/ shrsoh zloo djdlq vshfldol}h lq uhsurgxfwlrq li dqg rqo|
li wkhlu delolw| grhv qrw h{fhhg d wkuhvkrog jlyhq e|57
@n| ’
|n7@
2KE n o|n|  |n  +43,
Lq htxloleulxp/ rqh pxvw dozd|v kdyh @n|  @W|  Iru wklv qrw wr krog/ rqh
zrxog qhhg wkdw |n : KEno|n| Exw wklv lv lpsrvvleoh/ vlqfh dffruglqj
wr +7, rqh zrxog wkhq kdyh @W| : 7@c lpso|lqj wkdw doo shrsoh vshfldol}h lq
uhsurgxfwlrq dqg wkdw rxwsxw lv }hur1
Wkh idfw wkdw @n|  @W| lpsolhv wkdw wkhuh h{lvwv d udqjh ri ydoxhv ri @
zkhuh d pdunhw iru forqlqj dulvhv exw qrw d pdunhw iru vh{xdo uhsurgxfwlrq1
Li ) lv vpdoo/ @n| lv derxw kdoi wkh ydoxh ri @
W
|  Wkhvh uhvxowv zrxog eh vwurqjo|
uhlqirufhg li rqo| wkdw sduw ri wkh forqhv* lqfrph zklfk lv deryh vrph {hg
vxevlvwhqfh ohyho zhuh dssursuldeoh158 Lq vxfk d fdvh/ wkh uhqwv wkdw frxog
eh dssursuldwhg iurp dq dyhudjh delolw| djhqw frxog eh }hur ru rughuv ri
pdjqlwxgh vpdoohu wkdq wkrvh dssursuldeoh iurp d wrs delolw| shuvrq1 Wkh
57Wkh rwkhu srvvlelolw| fdqqrw eh dq htxloleulxp rxwfrph1 Iru kljk delolw| shrsoh wr
vshfldol}h lq uhsurgxfwlrq rqh zrxog qhhg wkdw tw+d, lv vwhhshu wkdq zwde> l1h1 *zw.4@5+4.
uw.4, A zwe= Exw wkhq/ lw lv hdv| wr vhh wkdw hyhu|erg| zrxog vshfldol}h lq uhsurgxfwlrq/
vlqfh d }hur0delolw| zrunhu zrxog vxuho| gr vr1
58 l1h1/ rqh zrxog dssursuldwh *pd{izw.4d  w.4> 3j> rxw ri dq rvsulqj ri delolw| d>
zkhuh w.4 lv wkh vxevlvwhqfh ohyho1
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survshfwv iru d pdunhw iru forqlqj zrxog dffruglqjo| eh pxfk juhdwhu wkdq
wkrvh iru d pdunhw iru vh{xdo uhsurgxfwlrq1
Wr vxppdul}h/ wkh frpsdudwlyh dgydqwdjh ri orz delolw| djhqwv lq uhsur0
gxfwlrq fuhdwhv dq dgyhuvh vhohfwlrq sureohp zklfk gulyhv grzq wkh txdolw| ri
vh{xdoo| surgxfhg rvsulqjv/ wkxv uhgxflqj wkh yldelolw| ri wkh pdunhw1 Wklv
sureohp lv vroyhg lq wkh forqlqj fdvh ehfdxvh wkh rvsulqj lv wkhq lghqwlfdo
wr lwv kljk0txdolw| eoxhsulqw1
Krzhyhu/ wkdw lv qrw wkh hqg ri wkh vwru|1 Lq wkh fxuuhqw vwdwh ri whfk0
qrorj|/ wzr wrs0delolw| sduhqwv frxog surgxfh dq rvsulqj xvlqj LYI dqg
lpsodqw lw lqwr wkh zrpe ri d orz delolw| vxuurjdwh prwkhu591 Li wkh rvsulqj
zhuh ri wrs delolw|/ wklv zrxog qrw eh glhuhqw iurp forqlqj iurp dq hfr0
qrplf srlqw ri ylhz1 Wkh suhvhqw prgho fdq wkhq eh ylhzhg dv dq dqdo|vlv ri
wkh hfrqrplf frqvhtxhqfhv ri dgydqfhg uhsurgxfwlyh whfkqltxhv udwkhu wkdq
forqlqj shu vh1 Krzhyhu/ wkhuh duh djdlq vrph uhdvrqv wr eholhyh wkdw wklv
lv ohvv olnho| wr dulvh wkdq forqlqj1 Iluvw/ vrph dssursuldelolw| whfkqltxhv
vxfk dv jhqrph rzqhuvkls duh ohvv ihdvleoh wkdq lq wkh fdvh ri forqlqj vlqfh
wkh rvsulqj*v jhqrph zloo eh xqltxh dqg qrw lghqwlfdo wr hlwkhu sduhqw*v1
Vhfrqg/ hdfk sduhqw zloo h{0srvw frpshwh zlwk wkh rwkhu lq rughu wr h{wudfw
uhqwv iurp wkh rvsulqj/ zklfk pd| djdlq uhgxfh dssursuldelolw|1 Wklug/ wzr
wrs delolw| sduhqwv pd| qrw surgxfh d wrs delolw| rvsulqj/ dv delolw| uhvxowv
iurp d vhw ri xqltxh frpelqdwlrqv ri jhqhv wkdw zloo eh eurnhq lq wkh frxuvh
ri vh{xdo uhsurgxfwlrq1
7 Lpsolfdwlrqv iru wkh hyroxwlrq ri lqfrph
glvwulexwlrq
Zh qrz glvfxvv wkh lpsolfdwlrqv ri wkh prgho iru wkh hyroxwlrq ri lqfrph
glvwulexwlrq1 Wr gr vr/ zh kdyh wr forvh lw e| ghulylqj wkh g|qdplfv ri
fdslwdo dffxpxodwlrq dqg ri wkh khuhglwdu| wudqvplvvlrq ri delolw|1
59Wklv lv fdoohg jhvwdwlrqdo vxuurjdf|/ dv rssrvhg wr jhqhwlf vxuurjdf|1
4:
714 Hpsor|phqw/ fdslwdo/ dqg idfwru sulfhv
Dv lq wkh Gldprqg +4<98, prgho/ wkh djjuhjdwh fdslwdo vwrfn dw | n  pxvw
eh htxdo wr wkh vwrfn ri zhdowk dffxpxodwhg e| wkh |rxqj dw | Wklv vwrfn lv
htxdo wr
qD|R|
 n q
c
iru uhsurgxfwlyh djhqwv vxfk wkdw @ 	 @W| (
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iru surgxfwlyh djhqwv vxfk wkdw @W| 	 @ 	 7@(
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iru doo wkh wrs delolw| djhqwv/ zkhuh | lv wkh pdvv ri vxfk djhqwv/ V| wkh
sursruwlrq ri forqhv dprqj wkhp/ dqg u| wkh djjuhjdwh dprxqw wkh| vshqg
rq forqlqj/ zklfk lq htxloleulxp pxvw eh htxdo wr |8|E@W| R|D
Wkhvh htxdwlrqv vkrz wkdw/ lq sduw ehfdxvh lw lv d vxevwlwxwh iru sk|vlfdo
lqyhvwphqw/ forqlqj whqgv wr uhgxfh vdylqjv dqg fdslwdo dffxpxodwlrq1 Wkh
uhdvrq lv wzrirog1 Iluvw/ lw lv vxvwdlqhg e| d wudqvihu iurp forqh wr prgho/
zklfk wdnhv sodfh zkhq wkh iruphu lv |rxqj dqg wkh odwwhu rog1 Dv vxfk lw
uhgxfhv fdslwdo dffxpxodwlrq/ dv gr doo vxfk wudqvihuv lq ROJ prghov1 Wklv
hhfw lv fdswxuhg e| wkh V|) whup lq wkh odvw irupxod1 Vhfrqg/ Wkh sulfh
ri wkh forqh zklfk lv wudqvihuuhg iurp uhsolfdwhg djhqwv wr uhsurgxfhuv grhv
qrw uhvxow lq d orzhu frqvxpswlrq iru wkh prgho/ dv lw lv frpshqvdwhg lq
dqqxlw| whupv e| wkh uhqw lw zloo h{wudfw iurp lwv forqhv lq wkh ixwxuh1 Exw lw
grhv uhvxow lq dq lqfuhdvh lq frqvxpswlrq iru wkh uhsurgxfhu/ zkrvh fxuuhqw
shulrg lqfrph lv lqfuhdvhg1 Wklv hhfw lv fdswxuhg e| idfw wkdw wkh vxp
ri wkh uhsurgxfhuv vdylqjv lv htxdo wr qu|*E n qc zklfk lv ohvv wkdq wkh
dvvrfldwhg uhgxfwlrq lq wkh uhsolfdwhg fodvv*v vdylqjv u|
4;
Djjuhjdwlqj wkhvh irupxodh dfurvv doo |rxqj djhqwv/ zh jhw dq htxdwlrq
iru fdslwdo dffxpxodwlrq=
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Wkh uvw whup lv wkh uhgxfwlrq lq vdylqjv gxh wr wkh wudqvihu iurp kljk
wr orz delolw| djhqwv lq wkh fxuuhqw jhqhudwlrq/ zkloh wkh odvw whup lv wkh
frqwulexwlrq ri wkh wudqvihu ri wkh fxuuhqw jhqhudwlrq*v forqhv wr wkhlu rog
eoxhsulqw1 Wkh fhqwudo whup lv wkh vwdqgdug rqh wkdw zrxog suhydlo devhqw
forqlqj1 Xqghu rxu orjdulwkplf suhihuhqfhv/ shrsoh zrxog vdyh d frqvwdqw
iudfwlrq ri wkhlu zdjh lqfrph1
u| lv wrwdo hpsor|phqw lq h!flhqf| xqlwv/ zklfk lv frpsxwhg e| vxpplqj
oderu vxsso| dfurvv doo djhqwv/ wdnlqj lqwr dffrxqw wkdw wkrvh zlwk delolw|
orzhu wkdq @W| surgxfh forqhv udwkhu wkdq rxwsxw1 Frqvhtxhqwo|/ rqh pxvw
kdyh
u| ’ |E K?
] 7@
@W
|
@_8|E@ n|E K?
Wkh hyroxwlrq htxdwlrq iru wkh sursruwlrq ri forqhv V| lv ghwhuplqhg e|
|nV|n ’ D|8|E@
W
| 
Wkh OKV lv wkh wrwdo qxpehu ri forqhv lq jhqhudwlrq | n c zklfk pxvw
eh htxdo wr wkh forqlqj udwh D wlphv wkh wrwdo qxpehu ri forqhuv |8|E@W|  lq
jhqhudwlrq |c l1h1 wr wkh UKV1
Idfwru sulfhv duh htxdo wr pdujlqdo surgxfwv1 Wr forvh wkh prgho zh
dvvxph d Free0Grxjodv surgxfwlrq ixqfwlrq zlwk ixoo ghsuhfldwlrq ri fdslwdo=
t| ’ g
k
| u
3k
| 
Qrwh wkdw wr vlpsoli| zh uxoh rxw whfkqlfdo surjuhvv +} ’ f,1 Wklv sur0
gxfwlrq ixqfwlrq lpsolhv wkdw
| ’ E kgk| u3k| +45,
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 n o| ’ kg
k3
| u
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|  +46,
Ixuwkhupruh/ zh vkdoo dvvxph wkdw wkh iroorzlqj uhvwulfwlrq krogv=
?
kE n q
qE k :

K
 +K3,
Wklv dvvxpswlrq jxdudqwhhv wkdw lq vwhdg| vwdwh @W| lv vwulfwo| ehorz 7@
5:Lw
dprxqwv wr dvvxplqj wkdw wkh uhwxuq wr fdslwdo lv juhdwhu wkdq wkh uhwxuq wr
xvlqj rqh*v wlph wr forqh rqhvhoi/ l1h1 wkdw fdslwdo dffxpxodwlrq lv vxshulru
wr forqlqj dv d whfkqrorj| wr wudqvihu ydoxh dfurvv wlph shulrgv15;
715 Frqvhuydwlrqlvw srsxodwlrq g|qdplfv
Lq rughu wr frpsohwh wkh fkdudfwhul}dwlrq ri wkh prgho*v g|qdplfv/ zh pxvw
qrz ghulyh wkh hyroxwlrq ri wkh glvwulexwlrq ri delolwlhv1 Zh vkdoo frqvlghu
wzr dowhuqdwlyh k|srwkhvhv1
Wkh uvw srvvlelolw| wkdw zh frqvlghu lv wkdw srsxodwlrq g|qdplfv reh| d
frqvhuydwlrq odz/ lq wkdw wkh glvwulexwlrq ri delolwlhv dfurvv vh{xdoo| surgxfhg
rvsulqjv lv lghqwlfdo wr wkh delolw| glvwulexwlrq ri wkhlu sduhqwv1 Jlyhq wkdw
hdfk w|sh surgxfhv wkh vdph qxpehu ri rvsulqjv/ wkh glvwulexwlrq ri jhqhv
zloo vxuho| eh wkh vdph lq wkh qh{w jhqhudwlrq ri qdwxudoo| surgxfhg fkloguhq1
Wklv grhv qrw lpso|/ krzhyhu/ wkdw wkh glvwulexwlrq ri jhqrw|shv +lq rxu
fdvh/ delolw|,/ zloo eh wkh vdph1 Wklv ghshqgv lq d frpsoh{ zd| rq zklfk
jhqhv ghwhuplqh delolw|/ krz wkh| lqwhudfw zlwk hdfk rwkhu/ dqg zkdw duh wkh
grplqdqfh uhodwlrqvklsv dprqj wkhlu doohohv1 Jlyhq rxu ljqrudqfh rq wkdw
5:Li wklv lv qrw wkh fdvh/ wkhq d iudfwlrq ri wrs0delolw| djhqwv pxvw surgxfh forqhv/ zkloh
wkh rwkhuv surgxfh rxwsxw1 Wklv sursruwlrq lv ghwhuplqhg e| wkh idfw wkdw lq htxloleulxp
wkh| pxvw eh lqglhuhqw ehwzhhq wkhvh wzr dfwlylwlhv1
5;Iru dq lqglylgxdo zlwk delolw| d> 4@zd xqlwv ri wlph jhqhudwh 4 xqlw ri lqfrph1 Gxulqj
wkdw wlph/ wkh lqglylgxdo fdq surgxfh 4@+ezd, forqhv1 Hdfk forqh |lhogv dq lqfrph htxdo
wr #zd qh{w shulrg1 Wkh jurvv uhwxuq wr wkdw lqyhvwphqw lv wkhuhiruh #@e= Wklv kdv wr eh
frpsduhg zlwk 4. u> wkh uhwxuq wr fdslwdo1 Rqh fdq fkhfn wkdw lq vwhdg| vwdwh lw lv htxdo
wr wkh OKV ri +K3,1
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pdwwhu/ wkh frqvhuydwlrqlvw k|srwkhvlv lv d ehqfkpdun zruwk frqvlghulqj15<63
Lq d vxevhfwlrq/ krzhyhu/ zh frqvlghu wkh +zhdnhu, uhvxowv wkdw rewdlq li wkh
frqvhuydwlrq odz dssolhv wr jhqhv udwkhu wkdq delolwlhv1
Lw lv wkhq yhu| hdv| wr fkdudfwhul}h wkh hyroxwlrq ri wkh delolw| glvwulexwlrq1
Iluvw ri doo/ wrwdo +|rxqj, srsxodwlrq hyroyhv dffruglqj wr=
|n ’ ?| n D|8|E@
W
|  +47,
Wkh uvw whup lq wkh UKV lv wkh frqwulexwlrq ri vh{xdoo| surgxfhg rvsulqjv/
zkloh wkh vhfrqg whup lv wkh frqwulexwlrq ri forqhv1 Wkh ?| vh{xdoo| sur0
gxfhg fkloguhq kdyh wkh vdph glvwulexwlrq ri delolwlhv dv wkhlu | sduhqwv1
Wkhuhiruh/ wkh wrwdo ghqvlw| ri djhqwv zlwk delolw| @ 	 7@ hyroyhv dffruglqj wr
|n_8|nE@ ’ ?|_8|E@ +48,
Ilqdoo|/ wkh pdvv ri djhqwv dw wkh kljkhvw delolw| ohyho 7@ hyroyhv dffruglqj
wr
|n ’ ?| n D|8|E@
W
|  +49,
D frpsdulvrq ri htxdwlrqv +48, dqg +49, pdnhv lw fohdu wkdw xqohvv 8|E@W|  ’
fc wkh pdvv ri wrs delolw| djhqwv zloo jurz pruh udslgo| wkdq wkh uhvw ri wkh
srsxodwlrq1 Lq wklv fdvh/ wkh iudfwlrq ri srwhqwldo vxssolhuv ri forqlqj pxvw
jr wr }hur/ vlqfh wrs0delolw| zrunhuv gr qrw vxsso| forqlqj1 Frqvhtxhqwo|/
SURSRVLWLRQ 4 0 Forqlqj ydqlvkhv lq wkh orqj uxq=
*4
|<"
8|E@
W
|  ’ f
5<Lw lv frpsdwleoh zlwk d ydulhw| ri dvvxpswlrqv derxw lqwhujhqhudwlrqdo lqfrph prelolw|1
Iru rxu sxusrvh/ zh gr qrw kdyh wr vshfli| wkdw surfhvv1 Vhh/ krzhyhu/ Ehfnhu dqg Wrphv/
4<:</ iru d prgho ri lqwhujhqhudwlrqdo prelolw| zklfk h{solflwo| wdnhv lqwr dffrxqw jhqhv/
fxowxuh/ dqg oxfn1
63Qrwh wkdw li vxfk d frqvhuydwlrq odz krogv iru dq| glvwulexwlrq dqg dq| vxevhw ri wkh
srsxodwlrq/ wkhq lw pxvw eh wkdw wzr wrs0delolw| sduhqwv surgxfh d wrs delolw| rvsulqj1
Lq wklv fdvh forqlqj fdq eh plplfnhg e| lpsodqwdwlrq ri d vh{xdoo| surgxfhg hpeu|r lq d
vxuurjdwh jhvwdwlrqdo prwkhu1
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Wklv sursrvlwlrq whoov xv wkdw li wkh frqvhuydwlrqlvw k|srwkhvlv krogv/
forqlqj iru hfrqrplf uhdvrqv lv d wudqvlwru| skhqrphqrq zklfk judgxdoo|
pryhv wkh hfrqrp| wr d vlwxdwlrq zkhuh lw kdv glvdsshduhg1 Wkhuh duh wzr
zd|v wklv fdq kdsshq1 Hlwkhu wkh hfrqrp| hqgv xs hqwluho| pdgh ri wrs0
delolw| zrunhuv/ dqg wkhuh duh qr srwhqwldo vxssolhuv ri forqhvwkdw lv/ wkh
pdunhw iru forqlqj judgxdoo| vkulqnv wr ehfrph qhjoljleoh> ru wkh hfrqrp|
uhdfkhv d vlwxdwlrq zkhuh +;, grhv qrw krog/ lq zklfk fdvh forqlqj vwrsv lq
qlwh wlph1 Wkh iroorzlqj sursrvlwlrq whoov xv zklfk ri wkhvh wzr fdvhv suhydlo
lq vwhdg| vwdwh/ ghshqglqj rq sdudphwhu ydoxhv1
SURSRVLWLRQ 5 0 Li
?kE n q
qE k
@
7@
:

K
c +K4,
wkhq wkhuh h{lvwv d xqltxh htxloleulxp sdwk vxfk wkdw @W| 	 @ Wkh pdunhw iru
forqlqj lv vkxw lq doo shulrgv dqg wkh hfrqrp| frqyhujhv wr wkh qr0forqlqj
vwhdg| vwdwh1
Li +K4, grhv qrw krog wkhq wkh wudmhfwru| lv vxfk wkdw
+l, Forqlqj dulvhv dw ohdvw hyhu| rwkhu shulrg = ; | <r 5 i|c | n jc @Wr : @
+ll, Wkh hfrqrp| frqyhujhv wr d vwhdg| vwdwh zkhuh doo djhqwv kdyh wkh
kljkhvw delolw| ohyho=
olp |*| ’  dqg *48|E@ ’ fc ;@
SURRI 0 Vhh Dsshqgl{1
Sursrvlwlrq 5 jlyhv d frqglwlrq iru forqlqj wr dulvh/ htxdwlrq +K4,/ zklfk
lv vwdwhg lq whupv ri wkh prgho*v ixqgdphqwdo sdudphwhuv/ xqolnh wkh sduwldo
htxloleulxp frqglwlrq +<,1 +K4, lv htxlydohqw wr vwdwlqj wkdw @ lv juhdwhu wkdw
@W lq d qr forqlqj vwhdg| vwdwh1 Wkh fruuhvsrqglqj ydoxh ri @W lq vxfk d fdvh
lv suhflvho| htxdo wr 
K
7@ qE3k
?kEnq

Surs1 5 dovr ghulyhv wkh lpsolfdwlrqv ri forqlqj iru wkh orqj0uxq glvwul0
exwlrq ri delolw|1 Edvlfdoo|/ li +K4, krogv/ forqlqj qhyhu dulvhv dorqj wkh
frqyhujhqfh sdwk dqg wkh hfrqrp| ehkdyhv dv d vwdqgdug Gldprqg ROJ
hfrqrp|1 Li lw grhv qrw krog/ wkhq forqlqj zloo dulvh doprvw dozd|v/ exw zloo
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ydqlvk lq wkh orqj uxq dv wkh uhodwlyh vl}h ri forqhuv frqyhujhv wr }hur1 Wkh
hfrqrp| frqyhujhv wr d shuihfwo| hjdolwduldq vrflhw| zkhuh doo djhqwv kdyh
wkh kljkhvw srvvleoh delolw| ohyho1 Qrwh wkdw uhsurgxfwlrq lv rqo| vh{xdo lq
wkh orqj uxq1 Wkh frqvhuydwlrqlvw dvvxpswlrq sod|v dq lpsruwdqw uroh lq
hqvxulqj wkdw vh{xdo uhsurgxfwlrq dprqj wrs0delolw| djhqwv rqo| |lhogv wrs0
delolw| rvsulqjv1 Wklv orqj0uxq htxloleulxp frxog qrw eh vxvwdlqhg li vh{xdo
uhsurgxfwlrq lqwurgxfhg vrph qrlvh lq wkh glvwulexwlrq ri rvsulqjv* delolwlhv1
Wkdw lv/ xqghu wkh frqvhuydwlrqlvw k|srwkhvlv wkh delolw| glvwulexwlrq guliwv
xqghu wkh suhvvxuh ri wudqvlwru| hyhqwv zlwkrxw dq| whqghqf| wr uhwxuq wr wkh
phdq1 Wkhuhiruh/ hyhq d ydqlvklqj dprxqw ri forqlqj lv hqrxjk wr wudqvirup
lw shupdqhqwo| lqwr d shuihfwo| hjdolwduldq glvwulexwlrq1
Wkh ghwhuplqdqwv ri +K4, duh vrphzkdw vlplodu wr wkrvh ri +<,1 Wkh
qryhowlhv duh wkh iroorzlqj1 Iluvw/ jlyhq c d kljkhu udwh ri wlph suhihuhqfh
+d orzhu q uhgxfhv wkh survshfwv iru forqlqj/ dv lw lpsolhv orzhu vdylqjv dqg
d kljkhu frvw ri fdslwdo1 Vhfrqg/ dq lqfuhdvhg vkduh ri fdslwdo k lqfuhdvhv
lqwhuhvw udwhv uhodwlyh wr zdjhv/ djdlq uhgxflqj wkh lqfhqwlyhv iru forqlqj1
Ilqdoo|/ idvwhu srsxodwlrq jurzwk dovr pdnhv forqlqj pruh frvwo| e| uhgxflqj
wkh fdslwdo2oderu udwlr/ l1h1 lqfuhdvlqj wkh frvw ri fdslwdo1
Qrwh wkdw vlqfh forqlqj ehfrphv qhjoljleoh lq wkh orqj uxq/ wkh hfrqrp|
dfklhyhv wkh vdph fdslwdo2oderu udwlr dqg wkhuhiruh wkh vdph zdjh udwh shu
xqlw ri delolw| dv wkh hfrqrp| zlwkrxw forqlqj1 Wklv lv qrw wuxh/ krzhyhu/ ri
wkh wudqvlwlrq wr wkh vwhdg| vwdwh1 Zkhq forqlqj lv lqwurgxfhg/ zrunhuv dw wkh
erwwrp ri wkh delolw| glvwulexwlrq ehqhw e| fkdqjlqj wkhlu vshfldol}dwlrq1
Wkhlu lqfrph ulvhv uhodwlyh wr rwkhuv/ zkrvh zhoiduh lv xqfkdqjhg1 Lq wkh
vxevhtxhqw jhqhudwlrq/ doo djhqw w|shv orvh uhodwlyh wr zkdw wkh| zrxog kdyh
kdg devhqw forqlqj/ ehfdxvh ri wkh uhgxfwlrq lq fdslwdo dffxpxodwlrq> djdlq/
zlwk wkh h{fhswlrq ri wkrvh zkr vshfldol}h lq forqlqj1 Wklv lv frpshqvdwhg
e| wkh idfw wkdw rq dyhudjh shrsoh kdyh d juhdwhu delolw|/ exw d jlyhq delolw|
w|sh lv zruvh0r1
71514 D jhqhwlf frxqwhusduw
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Zkloh wkh frqvhuydwlrq odz iru wkh glvwulexwlrq ri delolwlhv lv d frqyhqlhqw
wrro/ lw lv pruh fruuhfw/ dv zh dujxhg deryh/ wr wklqn ri wkh glvwulexwlrq ri
jhqhv wr eh lqyduldqw yld vh{xdo uhsurgxfwlrq1 Lw lv wkhq srvvleoh wr h{whqg
sursrvlwlrq 5 wr dsso| lw wr jhqhv udwkhu wkdq delolw| ohyhov1 Iru vkruwqhvv
wkh uhvxow zh suryh lv rqo| frqfhuqhg zlwk wkh orqj uxq vwhdg| vwdwh ri dq
hfrqrp| zkhuh wkh pdunhw iru forqlqj dulvhv1
Wr h{suhvv rxu prgho lq whupv ri jhqhwlf ixqgdphqwdov/ zh dvvxph wkdw
wkh jhqhwlf frgh ri dq| jlyhq lqglylgxdo lv dq q0xsoh E}c } zkhuh hdfk
 ’ c  lqgh{hv wkh orfdwlrq ri wkh jhqh dqg hdfk jhqh lv gudzq iurp
d jlyhq vhw C Zh dvvxph wkdw wkh glvwulexwlrq ri jhqhv dprqj vh{xdoo|
surgxfhg rvsulqjv lv wkh vdph dv dprqj sduhqwv1 Zh ghqrwh wkh glvwulexwlrq
ri jhqhv dw gdwh | e| d phdvxuh >| ryhuC Delolw| lv d ixqfwlrq ri rqh*v jhqhwlf
frgh/ ghvfulehg e| wkh iroorzlqj ixqfwlrq=
@ ’ E}c c }
Ohw 7E@ ’

} 5 C m ;E}c } 5 C c E< v1w1 } ’ } ’, E}c } 	 @


7E@ lv wkh vhw ri jhqhv vxfk wkdw li dq lqglylgxdo kdv rqh ri wkhp/ wkhq klv
delolw| lv vwulfwo| ehorz @ Fohduo| 7E@  7E@ iru @ 	 @
Zhpdnh wkh iroorzlqj dvvxpswlrq/ zklfk lv wkh frxqwhusduw ri +K4, ehlqj
ylrodwhg=
>fE7E

K
7@
qE k
?kE n q
 : f +K5,
Wklv phdqv wkdw dw wkh lqlwldo gdwh | ’ f wkhuh lv d vwulfwo| srvlwlyh
phdvxuh ri jhqhv wkdw suhyhqw delolw| iurp ehlqj deryh 
K
7@ qE3k
?kEnq
c zklfk/ dv
zh kdyh vhhq/ lv wkh ydoxh ri @W wkdw zrxog suhydlo lq dq htxloleulxp vwhdg|
vwdwh zlwkrxw forqlqj1
Sursrvlwlrq 6 0 Dvvxph +K3, dqg +K5, krog1 Wkhq lq dq| vwhdg| vwdwh
>E7E7@ ’ f
SURRI 0 Wrs delolw| shrsoh fdqqrw kdyh dq| jhqh lq 7E7@ Wkhuhiruh/
wkhvh jhqhv duh rqo| wudqvplwwhg yld vh{xdo uhsurgxfwlrq1 Wklv lv dovr wuxh iru
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dq| 7E@ zlwk @ 	 7@ Iru >E7E7@ wr eh vwulfwo| srvlwlyh lq vwhdg| vwdwh/ wkhuh
pxvw qrw eh dq| forqlqj1 Rwkhuzlvh wkh jhqhv ri wrs delolw| shrsoh zrxog
lqfuhdvh lq iuhtxhqf| iurp d jhqhudwlrq wr wkh qh{w/ zklfk zrxog uhgxfh
>E7E7@1 Rq wkh rwkhu kdqg/ wkh frqvhuydwlrq odz ri jhqhv lpsolhv wkdw
>fE7E

K
7@ qE3k
?kEnq

>fE7E7@
’
>E7E
K
7@ qE3k
?kEnq

>E7E7@

l1h1/ forqlqj dhfwv wkh uhodwlyh sursruwlrqv ehwzhhq vh{xdoo| wudqvplwwhg
dqg forqhg jhqhv/ exw qrw ehwzhhq wzr vh{xdoo| wudqvplwwhg jhqhv1
Vlqfh +K5, krogv/ lw pxvw wkhq eh wkdw >E7E
K
7@ qE3k
?kEnq
 : f Exw/ vlqfh

K
7@ qE3k
?kEnq
lv wkh ydoxh ri @W wkdw suhydlov devhqw forqlqj/ wklv lpsolhv wkdw
wkhuh lv d vwulfwo| srvlwlyh pdvv ri djhqwv zloolqj wr vshfldol}h lq vxuurjdf|1
Wklv frqwudglfwv wkh idfw wkdw wkhuh pxvw qrw eh dq| forqlqj1 Frqvhtxhqwo|/
lw pxvw eh wkdw >E7E7@ ’ f T1H1G1
Sursrvlwlrq 6 lv fohduo| zhdnhu wkdq Sursrvlwlrq 51 Lw grhv qrw lpso|
wkdw doo shrsoh duh ri wrs delolw| lq wkh orqj uxq> qru lv lw wuxh wkdw forqlqj
ydqlvkhv1 Lw vd|v wkdw forqlqj zloo hyhqwxdoo| holplqdwh jhqhv wkdw suhyhqw
delolw| wr eh dw lwv pd{lpxp ohyho1 Lq sduwlfxodu/ wklv dssolhv wr dq| jhqh
zklfk uhgxfhv delolw| zkhq suhvhqw lq dq| lqglylgxdo1 Exw/ lq wkh orqj uxq/
rwkhu jhqhv fdq eh frpelqhg wr surgxfh delolw| ohyhov ehorz 7@c zklfk pd|
hyhq/ lq sulqflsoh/ eh orz hqrxjk wr pdlqwdlq wkh vxsso| ri forqlqj1
716 Pxwdwlrq
Wkh frqvhuydwlrqlvw k|srwkhvlv jhqhudwhv vrph xqlw urrw lq wkh glvwulexwlrq
ri lqfrph/ vr wkdw hyhq d vpdoo dprxqw ri forqlqj lv hqrxjk wr gulyh lw
wr ixoo htxdolw| lq wkh orqj0uxq1 Lq wklv vhfwlrq zh uhod{ wkh frqvhuydwlrqlvw
dvvxpswlrq e| lqwurgxflqj pxwdwlrq1 Devhqw forqlqj/ wkh delolw| glvwulexwlrq
ri pxwdqwv slqv grzq wkh orqj0uxq glvwulexwlrq ri delolw|1 Wkhuhiruh wkh lqlwldo
delolw| glvwulexwlrq lv qr orqjhu frqvhuyhg1
Zh lqwurgxfh pxwdwlrq lq wkh frqvhuydwlrqlvw g|qdplfv e| dvvxplqj wkdw
zlwk suredelolw| ^ dq rvsulqj*v delolw| lv gudzq iurp wkh suhylrxv glvwul0
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exwlrq ri delolwlhv/ zkloh zlwk suredelolw| ^ lw lv gudzq iurp vrph h{rjhqrxv
glvwulexwlrq/ zklfk zh zloo wdnh dv xqlirup1 Wklv lv vlpsoh exw wudfwdeoh1
Lq wklv fdvh/ zh fdq vkrz wkdw li +K4, lv ylrodwhg/ wkhuh h{lvwv d edodqfhg
jurzwk sdwk zlwk d frqvwdqw/ vwulfwo| srvlwlyh sursruwlrq ri wkh srsxodwlrq
ehlqj forqhv1 Rq wkh rwkhu kdqg/ li +K4, krogv/ wkh rqo| vwhdg| vwdwhv duh
qrq0forqlqj rqhv1 Wkxv/ pxwdwlrq hqvxuhv wkdw d srvlwlyh iudfwlrq ri wkh
srsxodwlrq lv zloolqj wr surylgh forqhv e| frqvwdqwo| gudjjlqj vrph pxwdqwv
ehorz wkh wkuhvkrog delolw| ohyho @W|  Wklv suhyhqwv forqlqj iurp ydqlvklqj lq
wkh orqj uxq1 Wklv lv vxppdul}hg lq wkh iroorzlqj sursrvlwlrq=
SURSRVLWLRQ 7 0 Dvvxph +K4, krogv1 Wkhq wkh rqo| edodqfhg jurzwk
sdwk kdv qr forqlqj/ l1h1 lv vxfk wkdw @W| 	 @
Li +K4, lv vwulfwo| ylrodwhg/ wkhuh h{lvwv d edodqfhg jurzwk sdwk zlwk d
vwulfwo| srvlwlyh iudfwlrq ri forqhv1 Lq wkdw sdwk wkh glvwulexwlrq ri delolw| lv
wkh vxp ri d xqlirup glvwulexwlrq ryhu d@c 7@o dqg d pdvv dw wkh kljkhvw delolw|
ohyho 7@
SURRI  Vhh Dsshqgl{1
Lw zrxog dovr eh lqwhuhvwlqj wr dvvxph wkdw vh{xdo uhsurgxfwlrq lpsolhv
vrph uhjuhvvlrq wr wkh phdq +Ehfnhu dqg Wrphv/ 4<;9/ qg wkdw uhjuhvvlrq
wr wkh phdq lv txlfn dqg rqo| wdnh derxw wkuhh jhqhudwlrqv,1 Wklv zrxog
rffxu/ iru h{dpsoh/ li wkh rvsulqj*v delolw| zdv dq dyhudjh ri lwv wzr sduhqw*v
delolw|1 Surylghg pdwlqj lv qrw hqwluho| dvvruwdwlyh +l1h1 shrsoh rqo| pdwh
zlwk shrsoh ri wkh vdph delolw|,/ devhqw forqlqj wkh glvwulexwlrq zrxog wkhq
frqyhujh wrzdug d pdvv srlqw dw wkh lqlwldo phdq delolw| ohyho1 Lq rughu wr
pdlqwdlq glyhuvlw| lq wkh orqj uxq/ rqh qhhgv wr dvvxph d fhuwdlq ohyho ri
udqgrp pxwdwlrq zklfk rvhwv wklv whqghqf| wr uhjuhvv wr wkh phdq1 Wkh
glvwulexwlrq ri delolwlhv zrxog wkhq urxjko| iroorz vrph DU4 g|qdplfv vlplodu
wr wkh rqh mxvw dqdo|}hg1 Xqiruwxqdwho|/ lw lv gl!fxow wr vd| pruh dqdo|wlfdoo|
59
ehfdxvh wkhuh lv qr h{solflw vroxwlrq iru wkh g|qdplfv ri lqfrph glvwulexwlrq164
Qrwh/ krzhyhu/ wkdw uhjuhvvlrq wr wkh phdq dw wkh lqglylgxdo ohyho lv qrw
lqfrpsdwleoh zlwk wkh frqvhuydwlrqlvw k|srwkhvlv1 Iru h{dpsoh/ d fklog*v
delolw| pd| eh htxdo wr wkdw ri rqh ri lwv sduhqwv/ zkr zrxog eh udqgrpo|
vhohfwhg1 Li pdwlqj lv qrw hqwluho| dvvruwdwlyh/ wkhq wkh lqfrph ri wkh ghvfhq0
gdqwv ri d jlyhq g|qdvw| zrxog uhjuhvv wr wkh phdq lq h{shfwdwlrqv/ zkloh
wkh djjuhjdwh glvwulexwlrq ri delolwlhv zrxog uhpdlq lqyduldqw devhqw forqlqj
dqg zlwk frqvwdqw ihuwlolw| dfurvv delolw| w|shv1
717 Qhjdwlyh lqfrph ghshqghqfh
Lq wklv vhfwlrq/ zh fkdqjh wkh prgho*v dvvxpswlrqv dqg dvvxph wkdw ihuwlolw|
dqg lqfrph duh qhjdwlyho| uhodwhg1 Iurp d phwkrgrorjlfdo srlqw ri ylhz/ wklv
lv vrphzkdw xqvdwlvidfwru|/ ehfdxvh lw phdqv wkdw wkh lqlwldo glvwulexwlrq grhv
qrw fruuhvsrqg wr d orqj0uxq vwhdg| vwdwh1 Krzhyhu/ wkhuh lv vrph hpslulfdo
hylghqfh wkdw wklv lv wkh fdvh1 Iru h{dpsoh/ lq wkh X1V1 4<<8 fhqvxv/ wkh eluwk
udwh zdv <4 shu 4333 iru zrphq zlwk d idplo| lqfrph orzhu wkdq 43/333 ’/ 93
shu 4333 iru wkh 63/333068333 ’ lqfrph udqjh/ dqg 86 shu 4333 iru d idplo|
lqfrph juhdwhu wkdq :8/333 ’165
Zlwk ihuwlolw| fruuhodwhg zlwk delolw|/ wkh frqvhuydwlrq odz froodsvhv djdlq1
Devhqw forqlqj/ wkh orqj0uxq glvwulexwlrq ri lqfrph zrxog froodsvh wr d pdvv
srlqw dw wkh prvw ihuwloh jurxs/ l1h1 wkh orzhvw delolw| ohyho1 Zkhq forqlqj lv
dydlodeoh/ wkh wrs delolw| jurxs lv deoh wr pdlqwdlq lwv uhodwlyh vl}h wkurxjk
forqlqj1 Lqghhg/ wkh jurzwk ri wkh orz delolw| jurxs lqfuhdvhv wkh cvxsso|*
iru forqhv sursruwlrqdwho|/ dqg hyhq d vlqjoh kljk0delolw| lqglylgxdo zrxog eh
64Li lqvwhdg zh zhuh frqvlghulqj wkdw zlwk suredelolw| 4 s wkh rvsulqj*v delolw| zhuh
wkh dyhudjh ri lwv sduhqw*v delolw| dqg wkh delolw| ri d udqgrpo| gudzq *pdwh*/ wkhq devhqw
forqlqj wkh Irxulhu wudqvirup aIw ri wkh delolw| glvwulexwlrq dw w zrxog hyroyh dv
aIw.4+$, @ s aX+$, . +4 s,
k
aIw+
$
5
,
l5
>
zkhuh aX+$, @ h
l$d
h
l$d
l$+dd, lv wkh xqlirup glvwulexwlrq*v Irxulhu wudqvirup1 Fohduo|/ wkhuh lv
qr wudfwdeoh {hg srlqw ri wkdw htxdwlrq/ h{fhsw lq wkh s @ 3 fdvh zkhuh lw lv ri wkh irup
hl$d3 > l1h1 d pdvv srlqw1
65Vhh X1V1 Fhqvxv Exuhdx +4<<:,/ wdeoh D1
5:
hqrxjk wr surgxfh wkdw dprxqw ri forqhv1 Dv d uhvxow/ lqvwhdg ri frqyhujlqj
wr d ixoo| hjdolwduldq vrflhw| zlwk rqo| wkh orzhvw delolw| ohyho/ wkh glvwulex0
wlrq ri lqfrph frqyhujhv wr wzr pdvv srlqwv/ rqh dw wkh orzhvw delolw| ohyho/
wkh rwkhu dw wkh kljkhvw rqh1 Wrs delolw| shrsoh pdnh ihzhu fkloguhq wkdq
dq|erg| hovh exw wkhlu vl}h lv duwlfldoo| pdlqwdlqhg e| forqlqj1
Lq rughu wr prgli| wkh prgho wr doorz iru qhjdwlyh lqfrph ghshqghqfh
lq ihuwlolw| udwhv/ zh vlpso| dvvxph wkdw wkh zhljkw ri fkloguhq lq xwlolw|
 qrz ghshqgv rq delolw| @c l1h1  ’ E@c  	 f Wklv lv ohvv dsshdolqj
wkdq dvvxplqj d vlqjoh qrqorjdulwkplf xwlolw| ixqfwlrq dqg jhwwlqj qhjdwlyh
lqfrph ghshqghqfh dv d uhvxow ri wkh ulfk*v kljkhu rssruwxqlw| frvw ri wlph1
Exw lw lv hqrxjk wr looxvwudwh rxu uhvxowv zkloh nhhslqj wklqjv vlpsoh1
Vroylqj iru shrsoh*v xwlolw| pd{lpl}dwlrq lw lv hdv| wr vhh wkdw djhqwv ri
delolw| @zloo wkhq kdyh ?E@ ’ E@*dKEnqnE@o cqdwxudo* rvsulqjv1 Wkh
uhvw ri wkh prgho lv hvvhqwldoo| xqfkdqjhg/ dqg zh fdq suryh wkh iroorzlqj
SURSRVLWLRQ 8 0 Ohw 7 ’ )E K?E7@c D ’ E K?E@*K Wkhq wkhuh
h{lvwv d xqltxh htxloleulxp vwhdg| vwdwh vxfk wkdw
+l, Li
kE n q
qE k
@
7@
:
7
K?E@
c +K6,
lq vwhdg| vwdwh doo djhqwv kdyh wkh orzhvw delolw| ohyho @ dqg wkhuh lv qr
forqlqj + D ’ f,1
+ll, Li
kE n q
qE k
@
7@
	
7
K?E@
	
kE n q
qE k
@
7@
?E@ n E?E@ ?E7@)E3k
kEnq
?E@ E?E@ ?E7@) c +K7,
wkhq wkh vwhdg| vwdwh glvwulexwlrq ri delolw| kdv wzr pdvvhv dw @ ’ @ dqg
@ ’ 7@ Wkh forqlqj udwh D lv ehwzhhq f dqg D Wkh htxloleulxp sursruwlrq ri
wrs delolw| djhqwv lv
6 ’
D
D n ?E@ ?E7@ 
5;
Orz delolw| djhqwv duh lqglhuhqw ehwzhhq zrunlqj dqg surgxflqj forqhv/
dqg vsolw wkhlu wlph ehwzhhq erwk dfwlylwlhv1
+lll, Li
7
K?E@
:
kE n q
qE k
@
7@
?E@ n E?E@ ?E7@)E3k
kEnq
?E@ E?E@ ?E7@) c +K8,
wkhq wkh vwhdg| vwdwh glvwulexwlrq ri delolw| kdv wzr pdvvhv dw @ ’ @ dqg
@ ’ 7@ Wkh forqlqj udwh D lv htxdo wr D Wkh htxloleulxp sursruwlrq ri wrs
delolw| djhqwv lv
D
D n ?E@ ?E7@ 
Orz delolw| djhqwv duh hqwluho| vshfldol}hg lq wkh surgxfwlrq ri forqhv1
Ixuwkhupruh/ lq doo fdvhv srsxodwlrq jurzv dw udwh ?E@
SURRI 0 Vhh Dsshqgl{1
Wr vxppdul}h wklv vhfwlrq/ wkh orqj0uxq dprxqw ri forqlqj ghshqgv rq wkh
vxsso| ri sk|vlfdo prwkhuv zlwk dq delolw| orz hqrxjk wr vshfldol}h lq forqh
ehdulqj1 Xqghu wkh frqvhuydwlrqlvw k|srwkhvlv/ forqlqj gulyhv wkh delolw|
glvwulexwlrq wr wkh wrs/ dqg hyhqwxdoo| glvdsshduv ehfdxvh lw kdv nloohg lwv
rzq vxsso|1 Rq wkh rwkhu kdqg/ pxwdwlrq dqg qhjdwlyh lqfrph ghshqghqfh
errvw wkh vl}h ri orz delolw| jurxsv/ wkxv pdlqwdlqlqj forqlqj lq wkh orqj
uxq1 Lq wkh odwwhu fdvh/ d wzr0fodvv vrflhw| hphujhv/ zlwk orz delolw| shrsoh
surgxflqj wkh forqhv ri wrs delolw| rqhv1
8 Frqfoxglqj uhpdunv
Lq wkh prgho zh kdyh ghyhorshg/ wkhuh lv dq lqfhqwlyh wr forqh wrs delolw|
lqglylgxdov1 Wkhlu vxuurjdwh prwkhuv duh uhfuxlwhg dw wkh erwwrp ri wkh
glvwulexwlrq ri lqfrph1 Wkh vkruw0uxq hhfw lv wr uhgxfh lqhtxdolw|> wkh
orqj0uxq hhfw lv wr lqfuhdvh wkh sursruwlrq ri wrs delolw| lqglylgxdov/ zklfk
5<
pd| hlwkhu lqfuhdvh ru ghfuhdvh lqhtxdolw|1 Li vh{xdo uhsurgxfwlrq suhvhuyhv
wkh glvwulexwlrq ri delolw|/ wkhq rqo| wrs delolw| lqglylgxdov zloo h{lvw lq wkh
orqj0uxq> wkh| zloo rqo| uhsurgxfh vh{xdoo| exw doprvw doo ri wkhp zloo kdyh
forqhv lq wkhlu dqfhvwruv1 Xqghu pxwdwlrq ru qhjdwlyh delolw| ghshqghqfh ri
ihuwlolw| udwhv/ d pdvv ri forqhg wrs delolw| shrsoh frh{lvwv zlwk d glvwulexwlrq
ri vh{xdoo| surgxfhg/ ohvv deoh shuvrqv1
Wkxv zh gr qrw jhw wkh sdwwhuq ri vrph dqwlflsdwlrq qryhov vxfk dv Kx{0
oh|*v Eudyh Qhz Zruog zkhuh forqhv zhuh irxqg dw wkh erwwrp ri vrflhw|1
Udwkhu/ forqhv duh pdgh iurp dq holwh zkr vhoo wkhlu suhflrxv jhqhv wr wkh
pdunhw1 Wkh h{sodqdwlrq lv vlpsoh= wkh ydoxh ri forqlqj lv kljkhvw iru wrs delo0
lw| shrsoh/ dqg wklv pd{lpxp ydoxh ghwhuplqhv wkh pdunhw sulfh iru forqhv1
Pruh ixqgdphqwdoo|/ wkhuh lv qr hfrqrplf ydoxh lq surgxflqj orz0delolw| shr0
soh yld forqlqj udwkhu wkdq vwdqgdug phdqv1
Zh kdyh uhiudlqhg iurp hqjdjlqj lq wkh zhoiduh dqdo|vlv ri forqlqj1 Lw lv
lpsrvvleoh wr gr lw zlwkrxw wdnlqj dq hwklfdo vwdqg rq wkh uljkwv ri forqhv1
Li wkh| duh wuhdwhg dv remhfwv/ h!flhqf| uhtxluh ixoo dssursuldelolw| ri wkhlu
lqfrph e| wkhlu forqdwruv1 Li wkh| duh wuhdwhg dv kxpdq ehlqjv/ rqh kdv wr
ryhufrph wkh gl!fxow| ri ghqlqj wkh xwlolw| ri qrw h{lvwlqj166 Dvvxplqj
wklv phwdsk|vlfdo sureohp lv vroyhg/ rqh frxog wkhq frpsxwh wkh hhfw ri
surgxflqj forqhv rq vrfldo zhoiduh/ zklfk zrxog lqfoxgh wkh zhoiduh ri wkhvh
forqhv1 D wudgh0r zrxog hphujh ehwzhhq wkh txdqwlw| ri forqhv surgxfhg
dqg wkhlu kdsslqhvv/ dv juhdwhu dssursuldelolw| lqfuhdvhv wkh txdqwlw| exw
dovr wkh wudqvihu wkh| pdnh wr wkhlu prgho1
Wkh wkhru| zh kdyh ghyhorshg lv qhr0fodvvlfdo/ lq wkh vhqvh wkdw hduq0
lqjv duh hqwluho| ghwhuplqhg e| delolw|1 Wklv prgho lv wr eh frqvlghuhg dv d
ehqfkpdun1 Pdq| dvvxpswlrqv frxog eh fkdoohqjhg/ dqg wklv frxog srwhq0
66Wklv srlqw lv dfwxdoo| udlvhg e| Urehuwvrq*v +4<<:, whvwlprq| ehiruh wkh QEDF/ lq
wkh frqwh{w ri srwhqwldo sk|vlfdo kdup ehlqj grqh wr wkh forqh1 Vhh Qdwlrqdo Elrhwklfv
Dgylvru| Frpplwwhh +4<<:,/ fk1 71
Lqwhuhvwlqjo|/ sklorvrskhuv kdyh wdfnohg wkh lvvxh/ zklfk wkh| uhihu wr dv wkh qrq0lghqwlw|
sureohp1 Wkh txhvwlrq lv= lv jlylqj olih wr dq xqkdss| +lq rxu prgho/ srru, forqh ehwwhu
wkdq qr olih dw dooB Sduw +4<;7, dfwxdoo| xvhv dq rssruwxqlw| frvw/ xwlolwduldq dujxphqw
wr dujxh wkdw qrw/ rq wkh edvlv wkdw d kdsslhu fklog frxog kdyh ehhq eruq lqvwhdg1
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wldoo| ohdg wr glhuhqw uhvxowv1 Iru h{dpsoh/ wkh dssursuldelolw| sdudphwhu )
frxog ydu| lq d zd| v|vwhpdwlfdoo| fruuhodwhg zlwk delolw|/ vr wkdw wkh forqhg
w|sh zrxog qrw eh wkh kljkhvw delolw| rqh167
Wkh hpslulfdo uhohydqfh ri wklv dqdo|vlv dovr fohduo| ghshqgv rq wkh h{whqw
wr zklfk delolw| lv jhqhwlfdoo| wudqvplwwhg1 Lw zloo dozd|v eh wuxh wkdw shrsoh
zlwk wkh cehvw* jhqhv zloo sd| prvw iru wkhlu forqhv1 Exw wkh uhwxuq iurp
grlqj vr duh orzhu li lw lv qrw vr fohdu wkdw wkhlu forqhv zloo gr dv zhoo dv
wkhpvhoyhv1 Lw zrxog eh lqwhuhvwlqj wr h{whqg wkh prgho e| uhtxlulqj wkdw
shrsoh dftxluh hgxfdwlrq1 Wkh eulqjlqj xs ri forqhv zrxog wkhq uhtxluh qrw
rqo| orz0vnloo sk|vlfdo prwkhuv/ exw dovr kljk0vnloo hgxfdwruv1
Zh zdqw wr srlqw rxw wzr lpsruwdqw uhvhdufk gluhfwlrqv1 Iluvw/ rqh frxog
ghsduw iurp rxu qhr0fodvvlfdo dvvxpswlrqv dqg dvvxph d vhjphqwhg oderu
pdunhw zkhuh vrph zrunhuv duh glvfulplqdwhg djdlqvw1 Li glvfulplqdwlrq lv
edvhg rq d jhqhwlfdoo| wudqvplwwhg wudlw/ vxfk dv hwkqlflw|/ wkhq dq lqfhqwlyh
iru forqlqj pd| dulvh hyhq li jhqhv zhuh xquhodwhg wr surgxfwlylw|/ dqg rqo|
phpehuv ri wkh prvw idyruhg hwkqlf jurxs zloo eh forqhg hyhq wkrxjk wkh|
pd| qrw eh pruh surgxfwlyh wkdq phpehuv ri ohvv idyruhg jurxsv1 Vhfrqg/
forqlqj pd| kdyh lpsruwdqw frqvhtxhqfhv iru jurzwk/ ehfdxvh wrs delolw|
shrsoh duh lqvwuxphqwdo lq jhqhudwlqj qhz surgxfwv dqg surfhvvhv1 Wklv lv
qrw fdswxuhg e| rxu prgho zkhuh oderu lv krprjhqhrxv dqg wrs delolw| shrsoh
vlpso| kdyh d juhdwhu oderu hqgrzphqw wkdq rwkhuv1
67L dp lqghewhg wr Mrkq Kdvvohu iru wklv srlqw1
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Uhihuhqfhv
Dvkhqihowhu/ Ruoh|/ dqg Doodq Nuxhjhu +4<<7,/ Hvwlpdwhv ri wkh uhwxuq
wr vfkrrolqj iurp d qhz vdpsoh ri wzlqv/ Dphulfdq Hfrqrplf Uhylhz/ ;7/
8/ Ghfhpehu
Dvkhqihowhu/ Ruoh|/ dqg Fhflold Urxvh +4<<;,/ Vfkrrolqj/ Lqwhooljhqfh/
dqg Lqfrph lq Dphulfd= Fudfnv lq wkh Ehoo fxuyh/ Sulqfhwrq Xqlyhuvlw|
Lqgxvwuldo Uhodwlrqv Vhfwlrq Zrunlqj Sdshu &73:/ Qryhpehu
Ehfnhu/ Jdu| V1 dqg Qljho Wrphv/ +4<:<, Dq Htxloleulxp Wkhru| ri wkh
Glvwulexwlrq ri Lqfrph dqg Lqwhujhqhudwlrqdo Prelolw| Mrxuqdo ri Srolwlfdo
Hfrqrp|> ;:+9,/ sdjhv 44860;<1
Ehfnhu/ Jdu| dqg Qljho Wrphv +4<;9,/ Kxpdq Fdslwdo dqg wkh Ulvh dqg
Idoo ri Idplolhv/ Mrxuqdo ri Oderu Hfrqrplfv> 7+6,/ Sduw 5 Mxo| 4<;9/ sdjhv
V406<1
Eodqfk rzhu/ Gdylg dqg Mdphv Vdujhqw +4<<7,/ Rehvlw| dqg vwdwxuh lq
dgrohvfhqfh dqg hduqlqjv lq |rxqj dgxowkrrg/ Dufklyhv ri Shgldwulfv dqg
Dgrohvfhqw Phglflqh/ 47;/ 9;409;:
Erxfkdug/ W1M1 dqg P1 PfJxh +4<;4,/ Idploldo vwxglhv ri lqwhooljhqfh=
D uhylhz/ Vflhqfh/ 545/ 77<;/ 43880438<
Fdzoh|/ Mrkq/ N1 Frqqhho|/ Mdphv Khfnpdq/ dqg Hgzdug Y|wodflo +4<<9,/
Phdvxulqj wkh hhfwv ri frjqlwlyh delolw|/ QEHUZrunlqj sdshu 8978/ Mxo|
Fkhvwhu/ Urqdog +4<<:,/ Wr eh/eh/eh111Qrw Mxvw wr Eh= Ohjdo dqg Vrfldo
Lpsolfdwlrqv ri Forqlqj iru Kxpdq Uhsurgxfwlrq/ Iorulgd Odz Uhylhz/ 7</
637066:
Fkulvwlh/ Eu|dq dqg Mrkq yrq Udgrzlw}/ +4<<:, Duwlfldo Kxpdq Zrpe
*lq Whq \hduv*/ Wkh Vfrwvpdq/ Mxo| 4;/ 4<<:
Gdznlqv/ U1/+4<<3, Wkh Vhovk Jhqh1 R{irug= R{irug X1 Suhvv
Ghyolq/ Ehuqlh/ Vwhskhq Ilhqexuj/ Gdqlho Uhvqlfn dqg Ndwku|q Urhghu
+4<<:,/ Lqwhooljhqfh/ Jhqhv/ dqg Vxffhvv= Vflhqwlvwv Uhvsrqg wr wkh Ehoo
Fxuyh1
Gldprqg/ Shwhu +4<98,/ Jryhuqphqw ghew lq d qhr0fodvvlfdo jurzwkprgho/
Dphulfdq Hfrqrplf Uhylhz1
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Juhhq/ Urqdog P1 +4<<<,/ L/ Forqh/ Vflhqwlf Dphulfdq/ Vhswhpehu1
Kdghog/ Shwhu Mdsdqhvh Slrqhhuv Udlvh Nlg lq Uxeehu Zrpe +4<<5,/
Wkh Qhz Vflhqwlvw/ Dsulo 581
Kdvvohu/ Mrkq/ dqg Mrvì Ylfhqwh Urguljxh} Prud +5333,/ Lqwhooljhqfh/
Prelolw|/ dqg Jurzwk/ Dphulfdq Hfrqrplf Uhylhz
Khuuqvwhlq/ Ulfkdug dqg Fkduohv Pxuud| +4<<8,/ Wkh Ehoo Fxuyh= Lqwho0
oljhqfh dqg Fodvv Vwuxfwxuh lq Dphulfdq Olih
Nxzdedud/ \rvklqrul +4<<5, H{shulphqwdo Shulqdwrorj|Ghyhorsphqw
ri H{wudxwhulqh Ihwdo Lqfxedwlrq V|vwhp/ Qlssrq Vdqnd Ixmlqnd Jdnndl
]dvvkl/ <;5
Qdwlrqdo Elrhwklfv Dgylvru| Frpplvvlrq +4<<:,/ Forqlqj Kxpdq Ehlqjv
Ruhqwolfkhu/ G1 +4<<<,/ Forqlqj dqg wkh suhvhuydwlrq ri idplo| lqwhjulw|/
Orxlvldqd Odz Uhylhz/ 8</ 434<04373
Sduw/ G1 +4<;7,1/ Uhdvrqv dqg Shuvrqv1 R{irug= R{irug X1 Suhvv1
Srvqhu/ Ulfkdug D1 +4<;<, Wkh Hwklfv dqg Hfrqrplfv ri Hqiruflqj Frq0
wudfwv ri Vxuurjdwh Prwkhukrrg/ Mrxuqdo ri Frqwhpsrudu| Khdowk Odz dqg
Srolf|
Srvqhu/ Hulf D1 dqg Ulfkdug D1 Srvqhu +4<<;, Wkh ghpdqg iru kxpdq
forqlqj lq Pduwkd F1 Qxvvedxp dqg Fdvv U1 Vxqvwhlq/ hgv1/ Forqhv dqg
forqhv= Idfwv dqg idqwdvlhv derxw kxpdq forqlqj1 Uhsulqwhg dqg xsgdwhg lq
Krivwud Odz Uhylhz/ 5:/ 6/ 4<<</ 8:<093;
Urehuwvrq/ M1D1 +4<<:,/ D Edq rq Forqlqj dqg Forqlqj Uhvhdufk lv
Xqmxvwlhg/ Whvwlprq| suhvhqwhg wr wkh Qdwlrqdo Elrhwklfv Dgylvru| Frp0
plvvlrq/ Pdufk 4<<:1
 +4<<;,/ Olehuw|/ Lghqwlw|/ dqg Kxpdq Forqlqj/ Wh{dv
Odz Uhylhz :9
 +4<<<,/ Wzr prghov ri kxpdq forqlqj/ Krivwud Odz Uh0
ylhz 5:/ 6/ 93<096;
X1V1 Fhqvxv Exuhdx +4<<:,/ Fxuuhqw Srsxodwlrq Uhsruw= Ihuwlolw| ri Dphu0
lfdq Zrphq/ S5307<</ Rfwrehu1
Zdwvrq/ Mdphv G1 +4<:4,/ Prylqj wrzdug wkh forqdo pdq/ Wkh Dwodqwlf
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Prqwko|/ 55:+8,/ Pd|/ 830861
Zlovrq/ H1R1 +4<:7,/ Vrflrelrorj|= Wkh Qhz V|qwkhvlv1 Fdpeulgjh PD=
Kduydug X1 Suhvv
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Dsshqgl{
Surri ri Sursrvlwlrq 51
Iluvw ri doo/ qrwh wkdw htxdwlrq +7,/ zklfk lv htxlydohqw wr R| ’ no|n|n7@c
fdq eh zulwwhq dv
R| ’
E k7@
k
&|nc +4:,
zkhuh &| ’ g|*u| lv wkh fdslwdo2oderu udwlr1
Vhfrqg/ qrwh wkdw li forqlqj wdnhv sodfh dw |c dqg2ru kdv wdnhq sodfh dw
| c wkhq htxdwlrq +44, lpsolhv wkdw
g|n 	
q
 n q
|u|
Glylglqj e| u|nc wklv suryhv wkdw li forqlqj wdnhv sodfh dw |c rqh pxvw
kdyh
&|n 	
q
 n q
|
u|
u|n
c
ru htxlydohqwo|
u|n
u|
	
q
 n q
|
R|
E k7@
k

Soxjjlqj lq +8,/ wklv lv htxlydohqw wr
u|n
u|
	
q
 n q
E k7@
K@W|k
	
q
 n q
E k7@
Kk@
Wkh vhfrqg lqhtxdolw| pdnhv xvh ri wkh idfw wkdw forqlqj wdnhv sodfh/ l1h1
wkdw @ 	 @W| 
Li +K4, krogv/ wkhq wklv lqhtxdolw| lpsolhv
u|n
u|
	 ? 0c +4;,
zkhuh 0 lv d vwulfwo| srvlwlyh frqvwdqw qr juhdwhu wkdq wkh jds ehwzhhq ? dqg
q
nq
E3k7@
Kk@

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Vlqfh forqlqj wdnhv sodfh dw |c rqh pxvw kdyh u| 	 |E  K?.|E@c
zkhuh .|E@ lv wkh dyhudjh ydoxh ri @ dw | Qh{w/ qrwh wkdw ehfdxvh ri forqlqj
|n  ?| dqg wkdw .|nE@  .|E@l1h1/ srsxodwlrq jurzv eh|rqg wkh ohyho
fruuhvsrqglqj wr vh{xdo uhsurgxfwlrq/ dqg dyhudjh vnloo jurzv vlqfh forqhv doo
kdyh wkh kljkhvw delolw| ohyho zkloh vh{xdoo| uhsurgxfhg rvsulqjv kdyh wkh
vdph delolw| glvwulexwlrq dv wkh suhylrxv jhqhudwlrq1 Wkhvh wzr lqhtxdolwlhv/
dorqj zlwk +4;,/ lpso| wkdw u|n 	 |nE K?.|nE@ Wkhuhiruh/ forqlqj
pxvw wdnh sodfh dw | n  dv zhoo/ vlqfh qrw doo oderu uhvrxufhv duh xvhg lq
surgxfwlrq1 E| lqgxfwlrq/ lw iroorzv wkdw forqlqj wdnhv sodfh dw doo shulrgv
iroorzlqj |/ vr wkdw +4;, krogv lq doo shulrgv dv zhoo1 Vlqfh wrwdo srsxodwlrq
jurzv e| dw ohdvw ?c lw iroorzv wkdw u|*| frqyhujhv wr }hur dv | jrhv wr lqqlw|1
Iru wklv wr eh wkh fdvh/ lw pxvw eh wkdw doo djhqwv hyhqwxdoo| vshfldol}h lq
forqlqj/ zklfk fdqqrw eh dq htxloleulxp vlqfh lw |lhogv d }hur rxwsxw ohyho 1
Wklv suryhv wkh uvw sduw ri sursrvlwlrq 51
Qh{w/ dvvxph wkdw +K4, lv vwulfwo| ylrodwhg1 Frqvlghu d gdwh | vxfk wkdw
qr forqlqj wrrn sodfh dw |  c lpso|lqj V| ’ f Dvvxph forqlqj grhv qrw
wdnh sodfh dw | Wkhq +44, lpsolhv wkdw
g|n ’
q
 n q
|u|
Xvlqj vlplodu vwhsv dv deryh/ zh jhw wkdw
u|n
u|
’
q
 n q
E k7@
K@W|k
 q
 n q
E k7@
Kk@
: ?n 0 +4<,
Wkh uvw lqhtxdolw| pdnhv xvh ri wkh dvvxpswlrq ri qr forqlqj dw |c zklfk
lv htxlydohqw wr @W|  @ Wkh vhfrqg lqhtxdolw| xvhv wkh vwulfw ylrodwlrq ri
+K4,1 Qh{w/ qrwh wkdw u| ’ |E  K?.|E@ dqg wkdw |n ’ ?| dqg
.|nE@ ’ .|E@ Wkhvh wkuhh htxdolw| frph iurp wkh devhqfh ri forqlqj dw |
Ilqdoo|/ qrwh wkdw u|n  |nE K?.|nE@ ’ ?u| Wklv frqwudglfwv +4<,/
lpso|lqj wkdw forqlqj pxvw dulvh dw | Wklv suryhv fodlp +l, lq wkh vhfrqg
sduw ri Sursrvlwlrq 51
Ohw xv qrz suryh fodlp +ll,1 Iluvw/ qrwh wkdw +47, dqg +49, lpso| wkdw
|*| lv qrqghfuhdvlqj1 Wkxv/ li lw grhv qrw frqyhujh wr 4/ lw lv erxqghg dzd|
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iurp 4 wkurxjkrxw dqg frqyhujhv wr vrph pd{lpxp ohyho 6 	 1 Dvvxph
wkdw wklv lv lqghhg wkh fdvh1 Wkhq=
|n
|n
’
?| n D|8|E@
W
| 
?| n D|8|E@W| 
	 6 	 c
lpso|lqj
8|E@
W
|  	
? E6|*|
DE6 
Dv | jurzv/ |*| ehfrphv duelwudulo| forvh wr 6c lpso|lqj wkdw 8|E@W| 
ehfrphv duelwudulo| vpdoo1 Jlyhq wkdw wkh wrwdo pdvv ri djhqwv ehorz 7@ frq0
yhujhv iurp deryh wr 6c dqg wkdw wkh glvwulexwlrq ri wkhvh djhqwv dprqj
delolw| w|shv lv wkh vdph dv lqlwldoo| +ehfdxvh ri wkh frqvhuydwlrqlvw k|srwk0
hvlv,/ lw pxvw eh wkdw @W| dovr ehfrphv duelwudulo| forvh wr @ dv | jurzv1 Ohw
0c # : f dqg |f vxfk wkdw
d| : |f ’, E@W| 	 @n 0 a 8|E@W|  	 #o  +53,
 Wklv lpsolhv
E k7@
k
&|n
K|
	 @ n 0 +54,
g|n : | D
 n q
R|# n
q
 n q
|u|  q
 n q
D#|3|7@
Glylglqj erwk vlghv e| |u|n rqh jhwv
&|n
|
:  |
u|n
D
 n q
R|
|
# n
q
 n q
u|
u|n
 q
 n q
D#
|3
u|n
7@ +55,
Qrwh wkdw |EK?E#.|E@ 	 u| 	 |EK?.|E@68( ?| 	 |n 	
?|E n D#(dqg .|E@ 	 .|nE@ 	 .|E@ n D#7@*? 69
68Wr jhw wkh uvw lqhtxdolw|/ vxewudfw wkh Iw+dw , sursruwlrq ri forqhv surgxfhuv iurp wkh
pd{lpxp oderu vxsso| Qw+4 eq,Hw+d, dqg qrwh wkdw dq xsshu erxqg ri wkhlu lqglylgxdo
oderu vxsso| lv +4 eq,Hw+d,> vlqfh wkhlu delolw| lv ehorz dyhudjh1
69Wr jhw wkh vhfrqg lqhtxdolw|/ djjuhjdwh xvlqj +47,0+49, wr jhw
Hw.4+d, @
Qw
Qw.4
^qHw+d, . dIw+d

w
,‘ >
dqg xvh wkh idfw wkdw Qw.4 A qQw dqg Iw+dw , ? =
6:
Wkhvh lqhtxdolwlhv lpso| wkdw
|
u|n
	

?E K?E #.|E@ 	

?E K?E #@ ’ af
u|
u|n
: d?E n D#E n D#7@*?.|E@o
3 : d?E n D#E n D#7@*?@o3
|3
u|n
	

?2E K?E #.|E@ 	

?2E K?E #@ ’ a
Vxevwlwxwlqj wkhvh wkuhh lqhtxdolwlhv lqwr +55, dqg xvlqj +53, dqg +8,/ zh
jhw
&|n
|
: af D
 n q
KE@n 0# n
q
?E n q

E n D#E n D#7@*?@
 q
 n q
D#a7@c
zklfk fdq eh uhzulwwhq dv
&|n
|
:
q
?E n q
n aE#c
zkhuh aE# ehfrphv duelwudulo| vpdoo zkhq # jrhv wr }hur1
Vlploduo|/ +54, lv htxlydohqw wr
&|n
|
	
kK@
E k7@ n a20c
zkhuh a2 lv d frqvwdqw1 Khqfh zh pxvw kdyh
q
?E n q
	
kK@
E k7@ n a20 aE#
Rq wkh rwkhu kdqg/ vwulfw ylrodwlrq ri +K4, lpsolhv wkdw wkhuh h{lvwv j : f
vxfk wkdw
kK@
E k7@ n j 	
q
?E n q

Slfnlqj xs 0 dqg vxfk wkdw a20 aE# 	 jc rqh jhwv d frqwudglfwlrq1
Frqvhtxhqwo|/ lw pxvw eh wkh fdvh wkdw 6 ’ cl1h1 olp |*| ’  Wkh
rwkhu surshuw| wkdw *48|E@ ’ f iroorzv lpphgldwho|/ vlqfh 8|E@   
|*|
6;
T1H1G1
Surri ri sursrvlwlrq 71
Iluvw qrwh wkdw li +K4, krogv/ wkhq wkh qr0forqlqj edodqfhg jurzwk sdwk
kdv d vhtxhqfh ri sulfhv zklfk suhfoxgh forqlqj1
Ohw xv qrz wu| wr frqvwuxfw d vwhdg| vwdwh htxloleulxp zlwk forqlqj1 Ohw
% ’ 8 E@W eh wkh frqvwdqw iudfwlrq ri wkh srsxodwlrq zkr surylgh forqhv1
Wkh hyroxwlrq ri wkh glvwulexwlrq ri delolwlhv lv jlyhq e|
|n ’ E ^?| n D|8|E@W| 
|n ’ ?| n D|8|E@
W
| 
|n_8|nE@ ’ E ^?|_8|E@ n ^ ?|
7@ @
Wklv lpsolhv wkdw lq vwhdg| vwdwh/ wkh fxpxodwlyh ghqvlw| _8 lv xqlirup
dqg htxdo wr
_8 ’
^?
E7@ @E^? n D% _@ +56,
Frqvhtxhqwo|/ % pxvw vdwlvi|
% ’ 8 E@W ’
^?E@W  @
E7@ @E^?n D%  +57,
Ilqdoo| zh pxvw kdyh  ’ E  8 E7@( l1h1 wkh frqvwdqw * udwlr
pxvw eh htxdo wr


’
D%
^?n D%
+58,
Wrwdo oderu vxsso| lq h!flhqf| xqlwv pd| eh frpsxwhg dv
u ’ 
] 7@
@W
@_8 n 7@ +59,
+, u

’
^?
2E^? n D%
7@2  @W2
7@ @ n 7@
D%
^?n D%

6<
Gudzlqj rq +4:,/ zh vhh wkdw wkh vwhdg|0vwdwh sulfh ri forqlqj lv wkh
uhodwhg wr wkh htxloleulxp fdslwdo2oderu udwlr & e|
R ’
7@E k
k
& +5:,
Xvlqj +8,/ +5:,/ dqg +45,/ zh jhw wkdw
@W ’
7@
Kk
&3k +5;,
Ilqdoo|/ lq vwhdg| vwdwh wkh fdslwdo dffxpxodwlrq htxdwlrq +44, ehfrphv
& ’

?n D%


u

D%
 n q
7@E k&
k
n
qE k&k
E n qE?n D%
 q
 n q
D%7@E k&k
E?n D%2


u


Wklv lv htxlydohqw wr/ xvlqj +5;,
Kk
7@
@W

 n

? n D%
D%
 n q
7@E k
k
2ER?n D%E7@ @
R?E7@2  @W2 n 27@E7@ @D%

+5<,
’
qE k
E n qE?n D%
 q
 n q
D%7@E k
E?n D%2
2ER?n D%E7@ @
R?E7@2  @W2 n 27@E7@ @D%
Htxdwlrqv +57, dqg +5<, mrlqwo| ghwhuplqh % dqg @W Wr vroyh wkh sureohp
qrwh wkdw +57, ghqhv d srvlwlyh/ prqrwrqrxv uhodwlrqvkls ehwzhhq wkhvh wzr
yduldeohv/ vr wkdw +5<, fdq eh wuhdwhg dv dq htxdwlrq lq mxvw rqh yduldeoh1
Dvvxph wkdw +K4, krogv1 Wkhq wkh OKV ri +5<, lv dozd|v juhdwhu wkdq Kk
7@
@c
zkloh wkh UKV lv dozd|v vpdoohu wkdq qE3k
Enq?
 Li +K4, krogv/ wkhq Kk
7@
@ : qE3k
Enq?
c
lpso|lqj wkdw +5<, kdv qr vroxwlrq1 Lw lv wkhuhiruh lpsrvvleoh wr frqvwuxfw
d vwhdg| vwdwh zlwk d srvlwlyh ohyho ri forqlqj/ lpso|lqj wkdw wkh qr forqlqj
vwhdg| vwdwh lv wkh rqo| rqh1
Dvvxph qrz wkdw +K4, lv vwulfwo| ylrodwhg1 Dw @W ’ @c rqh kdv % ’ fc
dqg ylrodwlrq ri +K4, lpsolhv wkdw wkh OKV ri +5<, lv vwulfwo| vpdoohu wkdq
wkh UKV1 Frqvlghu qrz wkh srlqw @W ’ 7@c fruuhvsrqglqj wr % ’ ER? ns
R2?2 n eDR?*2D Dw wkdw srlqw wkh OKV ri +5<, lv juhdwhu wkdq Kk*c
zkloh wkh UKV lv vwulfwo| vpdoohu wkdq qE3k
Enq?
 Jlyhq wkdw +K3, krogv/ rqh kdv
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Kk* : qE3k
Enq?
c lpso|lqj wkdw wkh OKV lv juhdwhu wkdq wkh UKV1 E| frqwlqxlw|
wkhuh h{lvwv @W 5o@c 7@d vxfk wkdw +5<, dqg +57, vlpxowdqhrxvo| krog1 +5:,/+59,/
+58,/ dqg +56, wkhq doorz wr frpsxwh wkh rwkhu yduldeohv fkdudfwhul}lqj wklv
vwhdg| vwdwh1 Wklv frpsohwhv wkh surri ri surs1 71
Surri ri sursrvlwlrq 81
Iluvw/ qrwh wkdw lq dq| vwhdg| vwdwh wkh ghqvlw| ri shrsoh ri delolw| vwulfwo|
ehwzhhq @ dqg 7@ pxvw eh }hur/ vlqfh wkh jurzwk udwh ri wkhvh shrsoh lv
vwulfwo| ehorz ?E@ Frqvhtxhqwo|/ dq| vwhdg| vwdwh kdv rqo| shrsoh ri wkh
wzr h{wuhph w|shv1 Ohw 6 eh wkh frqvwdqw sursruwlrq ri wrs delolw| shrsoh
lq vxfk d vwhdg| vwdwh1 Wkhq wkh qxpehu ri wrs delolw| shrsoh | hyroyhv
dffruglqj wr
|n ’ |?E7@ n E| |Dc +63,
zkhuh | lv wrwdo srsxodwlrq dqg D lv wkh wrwdo qxpehu ri forqhv surgxfhg e|
hdfk orz delolw| w|sh1 Wkh qxpehu ri orz delolw| shrsoh hyroyhv dffruglqj wr
|n |n ’ E| |?E@ +64,
Vlqfh  dqg  jurz dw wkh vdph frqvwdqw udwh lq vwhdg| vwdwh/ wklv
htxdwlrq lpsolhv wkdw wklv frpprq udwh pxvw eh ?E@ Glylglqj erwk vlghv ri
+63, e| | zh jhw wkdw ?E@ ’ ?E7@ n E*6 Dc lpso|lqj
6 ’
D
D n ?E@ ?E7@  +65,
Xvlqj djdlq +7, dqg +8,/ zh jhw wkdw wkh fulwlfdo ydoxh @Wc lq vwhdg| vwdwh/
lv jlyhq e|
@W ’
)7@E K?E7@
KE n o
c
zkhuh o lv wkh vwhdg| vwdwh lqwhuhvw udwh1
Wkh fdslwdo dffxpxodwlrq htxdwlrq +44, fdq eh zulwwhq dv
g|n ’
q
 n q
|u|  q
 n q
)E K?E7@7@|D|3E6 +66,
| D
 n q
E6)|n7@E K?E7@
 n o|n
+67,
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Wkh oderu irufh lv
u| ’ |67@E K?E7@ n|E6@E K?E@ KD +68,
D vwhdg| vwdwh pd| eh lq rqh ri wkuhh uhjlphv=
Uhjlph 4= D ’ f Lq wklv fdvh/ 6 ’ f dqg +66,/ dorqj zlwk wkh idfwru
sulfh htxdwlrqv/ lpsolhv wkdw wkh frqvwdqw fdslwdo oderu udwlr & vdwlvhv
?E@ ’
qE k
 n q
&k3 +69,
Wkh fruuhvsrqglqj lqwhuhvw udwh lv  n o ’ k&k3 Iru wklv wr eh dq
htxloleulxp rqh pxvw kdyh @W 	 @c zklfk lv htxlydohqw wr +K6,1 Frqyhuvho|/
li +K6, krog/ wkh deryh frpsxwdwlrqv lpso| wkdw wkh vwhdg| vwdwh zlwk &
vroxwlrq wr +69,/ dqg D ’ 6 ’ f vdwlvhv doo wkh uhtxluhg frqglwlrqv1 Ilqdoo|/
+66, lpsolhv wkdw dq| htxloleulxp vxfk wkdw D : f pxvw kdyh d ydoxh ri
& vpdoohu wkdq wkh vroxwlrq wr +69,1 Wklv lpsolhv d juhdwhu ydoxh ri o Li
+K6, krogv/ wkhq dq| vxfk vwhdg| vwdwh kdv d vpdoohu ydoxh ri @Wc zklfk
frqwudglfwv wkh dvvxpswlrq wkdw D : f Frqvhtxhqwo|/ wkh vwhdg| vwdwh zh
mxvw frqvwuxfwhg lv wkh rqo| htxloleulxp li +K6, krogv1
Uhjlph 5= D ’ D ’ E K?E@*K Lq vxfk d fdvh/ u| ’ |67@E K?E7@
dqg xvlqj djdlq +66, dqg wkh idfwru sulfh htxdwlrqv zh vhh wkdw & pxvw vdwlvi|

6?E@ n E6D)E k
kE n q

&3k ’
qE k
 n q

6 E6) D
?E@

+6:,
Iru wklv wr eh dq htxloleulxp rqh pxvw kdyh @W : @ Uhduudqjlqj dqg
xvlqj +65, zh vhh wkdw wklv lv htxlydohqw wr +K8,1 Frqyhuvho|/ li +K8, krogv/
wkh deryh vwhsv lpso| wkdw wkh vwhdg| vwdwh zlwk & vroxwlrq wr +6:,/ D ’ Dc
6 ’ D
Dn?E@3?E7@
c vdwlvhv doo wkh htxloleulxp frqglwlrqv1 Ilqdoo|/ +66, lpsolhv
wkdw dq| htxloleulxp vxfk wkdw D 	 D pxvw kdyh d ydoxh ri & odujhu wkdq wkh
vroxwlrq wr +6:,1 Wklv lpsolhv d vpdoohu ydoxh ri o Li +K8, krogv/ wkhq dq|
vxfk vwhdg| vwdwh kdv d odujhu ydoxh ri @Wc zklfk frqwudglfwv wkh dvvxpswlrq
wkdw D 	 7D Frqvhtxhqwo|/ wkh vwhdg| vwdwh zh mxvw frqvwuxfwhg lv wkh rqo|
htxloleulxp li +K6, krogv1
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Uhjlph 6= f 	 D 	 7D Wkh orzhvw delolw| djhqwv pxvw wkhq eh lqglhuhqw
ehwzhhq surgxflqj rxwsxw dqg forqhv/ lpso|lqj @W ’ @ Wklv htxdolw| slqv
grzq wkh fdslwdo2oderu udwlr/ zklfk pxvw vdwlvi|
k&k3 ’
7@E K?E7@)
@K
+6;,
D lv wkhq ghwhuplqhg e| wkh vwhdg| vwdwh htxlydohqw ri +66,/ zlwk u| jlyhq
e| +68, dqg6 jlyhq e| +65,1 Xvlqj wkhvh wzr htxdwlrqv dorqj zlwk wkh idfwru
sulfh frqglwlrqv zh qg wkdw lq vwhdg| vwdwh +66, lv htxlydohqw wr

D7@E K?E7@n
E?E@ ?E7@@E K?E@ KD
 
qE k
kE n q
77@
@K
 ?E@

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’ DE?E@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kE n q
7@

 n
q7@7
K@?E@

Wklv lv d olqhdu htxdwlrq zklfk ghwhuplqhv D xqltxho|1 Ixuwkhupruh/ rqh
fdq fkhfn wkdw wkh vroxwlrq lv vwulfwo| ehwzhhq f dqg 7D li dqg rqo| li +K7,
krogv1 Frqyhuvho|/ li +K7, krogv/ wkh vwhdg| vwdwh zlwk & ghwhuplqhg e| +6;,/
D ghwhuplqhg e| +6<,/ dqg 6 ghwhuplqhg e| +65, vdwlvhv doo wkh htxloleulxp
frqglwlrqv1 Vlqfh doo wkhvh htxdwlrqv kdyh d xqltxh vroxwlrq/ lw lv wkh rqo|
htxloleulxp lq wkdw uhjlph1 Lq rughu iru dq htxloleulxp lq dqrwkhu uhjlph wr
h{lvw/ +K6, ru +K8, zrxog kdyh wr krog/ exw wkh| duh lqfrpsdwleoh zlwk +K7,1
Wkhuhiruh/ wklv htxloleulxp lv xqltxh1 T1H1G1
Wkh duwlfldo zrpe prgho
Ohw xv dvvxph wkdw forqhv fdq eh surgxfhg xvlqj mxvw d txdqwlw| ^ ri
rxwsxw1 Lw lv vwloo wkh fdvh wkdw rqo| wrs delolw| shrsoh zrxog forqh wkhpvhoyhv/
vlqfh wkh| duh wkh rqhv zkr jhqhudwh wkh juhdwhvw ydoxh1 Forqlqj zloo dulvh li
dqg rqo| li

 n o|n
)+|nE7@  ^
Li wklv lqhtxdolw| krogv/ lw pxvw krog zlwk htxdolw|> rwkhuzlvh/ dq lqqlwh
dprxqw ri forqlqj zrxog wdnh sodfh1 Vxevwlwxwlqj htxdwlrqv +45,/ +46,/ dqg
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+:, zh qg wkdw wklv lv htxlydohqw wr
7@E k
k
g|n
u|n
 ^
Ehfdxvh wkh frvw ri forqlqj lv sk|vlfdo udwkhu wkdq lq whupv ri wkh wlph
ri orz0vnloo zrunhuv/ lwv ghwhuplqdqwv duh glhuhqw1 Forqlqj lv pruh olnho|
wr dulvh/ wkh juhdwhu wkh devroxwh ydoxh ri 7@ +udwkhu wkdq wkh udwlr 7@*@,1
Ixuwkhupruh/ zkhq fdslwdo lv pruh dexqgdqw/ wkh uhodwlyh sulfh ri rxwsxw lq
whupv ri zdjhv idoov/ dqg vr grhv wkh frvw ri forqlqj uhodwlyh wr lwv ehqhw1 Wklv
pdnhv forqlqj pruh olnho|1 Wklv hhfw lv qrw suhvhqw lq wkh wh{w*v vxuurjdf|
prgho zkhuh fdslwdo dffxpxodwlrq htxdoo| dhfwv wkh uhyhqxhv iurp forqlqj
dqg wkh rssruwxqlw| frvw ri wlph ri vxuurjdwh prwkhuv1
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